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ABSTRACT
We show that the duality orbits of extremal black holes in supergravity theories with sym-
metric scalar manifolds can be derived by studying the stabilizing subalgebras of suitable
representatives, realized as bound states of specific weight vectors of the corresponding
representation of the duality symmetry group. The weight vectors always correspond to
weights that are real, where the reality properties are derived from the Tits-Satake dia-
gram that identifies the real form of the Lie algebra of the duality symmetry group. Both
N = 2 magic Maxwell-Einstein supergravities and the semisimple infinite sequences of
N = 2 and N = 4 theories in D = 4 and 5 are considered, and various results, obtained
over the years in the literature using different methods, are retrieved. In particular, we
show that the stratification of the orbits of these theories occurs because of very specific
properties of the representations: in the case of the theory based on the real numbers,
whose symmetry group is maximally non-compact and therefore all the weights are real,
the stratification is due to the presence of weights of different length, while in the other
cases it is due to the presence of complex weights.
Keywords : Black Holes, Supergravity, Duality Orbits, Tits-Satake Diagrams.
PACS numbers : 04.70.Bw; 04.65.+e; 02.20.Qs.
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1 Introduction
In recent years, the quest for a consistent theory of quantum gravity led to an intense
study of black hole (BH) solutions within supergravity theories. A well understood issue
is how to physically discriminate among asymptotically flat branes, depending on their
background fluxes. For example, in D = 4 space-time dimensions, extremal BHs have
electric and magnetic charges (namely, the fluxes of the 2-form Abelian field strengths
and their duals), which sit in a representation R of the electric-magnetic (U-) duality 1
symmetry group G4, defining - by virtue of a Theorem due to Dynkin [15] - the embedding
of G4 into Sp(2n,R), which is the largest group acting linearly on the fluxes. The R-
representation space of the U-duality group generally exhibits a stratification into disjoint
classes of orbits, which can be identified by means of suitable sets of constraints on the
G-invariant (homogeneous of degree four) polynomial I4 [16, 17, 18].
BHs with charges fitting into different orbits of G4 correspond to physically distinct
solutions. Furthermore, the attractor mechanism [19, 20, 21, 22, 23] ensures the BH
entropy to be independent of the scalars at infinity, and to be a function of the electric and
magnetic charges only. Thus, the Bekenstein-Hawking [24, 25] entropy can be expressed in
terms of the invariant I4 itself. It is here worth recalling the important distinction between
the so-called “large” and “small” orbits. While the former have I4 6= 0 and support an
attractor behavior of the scalar fields in the BH near-horizon geometry, for the latter the
attractor mechanism does not hold, because they correspond to I4 = 0, thus yielding a
vanishing Bekenstein-Hawking entropy (at least at the Einsteinian two-derivative level)
[19].
It is then easy to realize that the classification of U-duality charge orbits plays a key role
in the structure of solutions to gravity theories, since it captures remarkable properties of
the spectrum of possible BHs (and more generally, of asymptotically flat brane solutions),
in turn hinting to interesting string or M-theoretic insights. The orbits of the N = 8
supergravity [1] and of the magic N = 2 supergravity based on octonions O [26, 27] were
obtained in 4 and 5 dimensions in [16] for both “large” and “small” BHs exploiting Jordan
algebraic techniques, based on the analysis of the Freudenthal triple systems defined by
the charges. The orbits of the maximal supergravity theories were independently derived
in [28] performing an analysis of the weight space of the U-representation R.
The analysis started in [16] was then extended in [29] to the “large” orbits of the
N = 2 Maxwell-Einstein supergravities coupled to vector multiplets, which also include the
three non-exceptional magic theories (based on Hamilton’s quaternions H, on the complex
numbers C and on the reals R). The “small” orbits of the triality-symmetric STU model
[30, 31, 32, 33, 34, 35, 36] were analyzed in [37]. For the infinite sequences of N = 4
and N = 2 theories with symmetric scalar manifolds, the U-duality invariant constraints
determining the stratification into distinct orbits as well as the corresponding properties
of supersymmetry breaking, were obtained in [18, 38], and then further investigated in
[39, 40, 41]. For what concerns the relation between U-invariant BPS conditions and
charge orbits in D = 5, in which magnetic black strings are the duals of electric BHs, it
1Throughout the present investigation, we work in the (semi)classical regime for which the electromag-
netic charges take values in the real numbers. Here U-duality is referred to as the “continuous” symmetries
of [1]. Their discrete versions are the non-perturbative U-duality string theory symmetries studied in [2].
The orbit classification of the discrete stringy U-duality groups was started for the maximally supersym-
metric D = 6, 5, 4 theories in [3, 4]. Moreover, for D = 4,N = 8 supergravity it has recently been observed
that some of the orbits of E7(7)(Z) should play an important role in counting microstates of this theory
[5, 6]. The importance of discrete invariants and orbits to the dyon spectrum of string theory has been the
subject of much investigation [7, 8, 9, 10, 11, 12, 13]. For a recent investigation, cfr. [14].
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was studied along the years in [16, 18, 28, 42, 17, 43, 44, 45]. Then, in [46] the analysis
of symmetric supergravity theories in D = 4 and D = 5 was completed. In particular, by
exploiting results and methods from [16, 38, 40, 43, 47, 45, 41] and [48, 49], all “small”
orbits were classified for non-exceptional magic supergravities, for N = 2, 4 supergravity
coupled to an arbitrary number of vector multiplets including the special cases of the STU ,
ST 2 and T 3 models, as well as for minimally coupled N = 2, matter coupled N = 3, and
“pure” N = 5 theories. For a review, see also [50]. Finally, the analysis of U-invariant BPS
conditions and orbits in D = 6 supergravity theories, in which electric BHs and magnetic
black two-branes are duals to each other and asymptotically flat dyonic black strings exist,
was performed in [18, 28, 43, 44, 4].
The asymptotically flat solutions of supergravity theories discussed so far describe
branes with at least three transverse directions, but in general in string theory there are
also branes that have less than three transverse directions. One can consider for instance
the D7- and D9-branes of the IIB theory and the D8-brane of the IIA theory. Although
a single D7-brane does not have finite energy [51, 52], one can construct multiple brane
configurations which include orientifolds to obtain finite-energy solutions. Similarly, the
IIA D8-brane can be viewed as a solution of the massive IIA theory [53] whose consistency
also requires orientifolds [54]. Finally, the space-filling D9-brane of the IIB theory plays a
crucial role in the Type-I orientifold construction [55, 56]. All these objects are 1/2-BPS,
and they give rise that a world-volume effective action which is κ-symmetric.
In D dimensions, the branes with two, one or zero transverse directions are electrically
charged under potentials that are (D − 2), (D − 1) and D-forms respectively. While
the (D − 2)-forms are dual to the scalars, the other potentials are not propagating and
their existence can only be determined by requiring the closure of the supersymmetry
algebra. This was done for the ten-dimensional maximal theories in [57, 58, 59], and then
all the possible 1/2-BPS branes of the IIB theory were determined in [60] requiring the
existence of a κ-symmetric effective action. The outcome of that analysis is that there are
less asymptotically non-flat branes than the corresponding components of the potential.
For instance the IIB theory describes an SL(2,R) quadruplet of 10-forms, but only two
components can couple to 1/2-BPS 9-branes.
The classification of all the forms of the maximal supergravity theories in any dimension
was performed in [61, 62] using the Kac-Moody algebra E11 [63]. Based on this, a complete
classification of 1/2-BPS branes in maximal supergravity theories was obtained in [64,
65, 66, 67]. The brane charges that are selected in this way correspond to particular
components of the representations of the fields, and as already mentioned for the IIB case,
for branes with two or less transverse directions the number of these components is less
than the dimension of the representation. In [68] it was then understood that the 1/2-
BPS branes correspond to the longest weights of the representations of the corresponding
potential. In the maximal theory the potentials associated to the asymptotically flat branes
have all weights of the same length, while those associated to the asymptotically non-flat
ones have weights of different length. A simple example is the SL(2,R) quadruplet of
10-forms of IIB mentioned above: this representation has two long weights and two short
ones, and the 1/2-BPS 9-branes correspond to the long weights.
In [69, 70] it was shown that the aforementioned classification of branes can also be
applied to the half-maximal theories. Although the orthogonal symmetry groups of these
theories are not split, and the analysis of [68] cannot be straightforwardly applied, the
1/2-BPS branes are still classified as specific components, identified by a set of light-
like conditions, of the representations of the orthogonal symmetry group to which the
charges of the branes belong. It was then understood in [71] that such conditions can
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be reformulated as the precise group-theory statement that the branes correspond only
to the longest weights that are real, where the reality properties are defined by the Tits-
Satake diagram that describes the real form of the orthogonal group. This result can then
be naturally conjectured to apply to any theory with scalars parametrizing a symmetric
manifold, and in particular to all the magic N = 2 theories discussed at the beginning of
this introduction [71].
Focusing only on the branes that are asymptotically flat, like BHs in four and five
dimensions, the fact that we have identified from a group-theory perspective what are the
weights that correspond to a single 1/2-BPS brane (i.e. a rank-1 or 1-charge solution) in
the magic N = 2 supergravities means that one can now extend the analysis of [28] to
these theories. This is precisely the aim of this paper. We will show that all the orbits of
these theories correspond to bound states of single 1/2-BPS states associated to the real
longest weights. We will first consider the theory with split U-duality group, which is the
magic supergravity based on the simple rank-3 Jordan algebra on the reals JR3 in D = 5
and 4. We will show that the stratification in different orbits of solutions of a given rank is
due to the fact that that representations to which the BH charges belong contain weights
of different length. Moreover, as an example of supergravity with a non-split U-duality
group, we will carefully investigate the orbits of magic supergravity based on the simple
rank-3 Jordan algebra on the complex numbers JC3 in D = 5 and 4 (similar results hold for
the magic theories based on the rank-3 Jordan algebras JH3 and J
O
3 , on the quaternions and
octonions, respectively). In this case we will show that the stratification arises because not
all the weights in the representation are real. To summarize, we will be able to compute
the stabilizers of various “large” and “small” orbits from the stability algebra of bound
states of weight vectors of the corresponding representation space.2 These results not only
give an alternative method to compute the various orbits of extremal black holes, but more
importantly they confirm the validity of the conjecture presented in [71]. It should be here
remarked that our study provides and alternative approach with respect to the analysis
based on nilpotent orbits of symmetry groups characterizing the D = 3 time-like reduced
gravity theories [73, 74, 75].
It turns out that the generalization of these results to the case of branes with two
or less transverse directions is not straightforward. In particular, in three dimensions a
codimension-two object (i.e. a defect brane) is a 0-brane, and in [76] a complete classifi-
cation of the types of such supersymmetric solutions in D = 3 maximal supergravity was
performed. This classification did not give rise to a simple criterion for supersymmetry
in terms of the charges of the objects. We will comment on how such a criterion could in
principle be derived from our method at least for the case of defect branes in the maximal
theories, while the extension to the defect branes of the N = 2 theories could be more
complicated due to the structure of the weights of the representations involved.
The plan of the paper is as follows. In Section 2 we give a brief review of [28] that
will be needed to understand the rest of the paper. In Section 3 we analyze in detail the
orbit stratification of the BH representations in the N = 2 magic theory based on JR3 in
five and four dimensions. Then, in Section 4, after quickly reviewing how the Tits-Satake
diagram of a given real form is defined, we consider the N = 2 magic supergravities whose
U-duality Lie algebra is not maximally non-compact (i.e., non-split), dealing in detail with
the simplest case of the theory based on JC3 , again inD = 5 andD = 4. Section 5 is devoted
to the analysis of the supergravity theories based on the semisimple rank-3 Jordan algebras
2In this respect, and as far as the space-like “large” 4-charge duality orbit in D = 4 is concerned, it is
worth mentioning that our approach to orbit representatives may be considered the Lie algebraic analogue
of the constituent model of D = 4 non-BPS extremal BHs proposed in [72].
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R ⊕ Γm−1,n−1. In particular, we analyze in depth the illustrative example of the N = 2
theory in four dimensions whose U-duality symmetry is SL(2,R)×SO(2, 4). In Section 6
we comment on how our results could be extended to the case of defect branes. Section 7
contains the conclusions. Three appendices conclude the paper. In Appendix A we show
why for split real forms the splitting of the orbits is due to the presence of short weights
in the representation. Appendix B contains some details about the Cartan involution that
are used in the paper. Finally, in Appendix C we give a simple diagrammatic derivation
of the 2-charge orbits for the theory based on JR3 in four dimensions.
2 Extremal black holes in maximal supergravity
The orbits of extremal BH solutions of maximal supergravity theories were determined
in [28] by computing the stabilizing algebra of suitable bound states of weight vectors of the
representation of the U-duality symmetry to which the BH charges belong. In particular,
the 1/2-BPS BH solutions have charges that are identified with a single weight vector of
the representation,3 and the solutions preserving less supersymmetry correspond to bound
states of such 1-charge configurations. The aim of this section is to give a brief review
of the results of [28], that will be then generalized to theories with less supersymmetry
in the rest of the paper. In particular, we will only focus on the five-dimensional and
four-dimensional cases.
The orbits of 1/2-BPS BHs can easily be computed by determining the stabilizers of a
single weight vector, i.e. the generators that annihilate it. In particular, one determines
the real form of the semisimple part of the stabilizing algebra from the action of the Cartan
involution on the generators. It is worth reviewing here that, in general, a real form g of a
complex Lie algebra gC is characterized by a Cartan involution θ, defined as an involution
such that
Bθ(X,Y ) = B(X, θY ) (2.1)
is negative definite, where B(X,Y ) is the Killing metric and X and Y are generators of
g. This implies that the compact generators have eigenvalue +1 and the non-compact
generators have eigenvalue −1 under θ. For instance, if the real form is compact, then the
Killing metric is negative definite and the Cartan involution is the identity operator. In
the case of the maximally non-compact (i.e. split) real form, one can define the action of
the Cartan involution to be
θHα = −Hα θEα = −E−α , (2.2)
where we denote with Hα the Cartan generators and with Eα the root generators. This
relation implies that the Cartan generators are non-compact, while the root generators
combine to form the compact generators F−α and the non-compact generators F
+
α , both
defined as
F±α ≡ Eα ± E−α . (2.3)
In general, from eq. (2.2) one derives how the Cartan involution acts on any combination
of the generators that form a subalgebra, and hence the real form of its semisimple part.
The orbits of less-supersymmetric solutions were computed in [28] by determining the
stabilizers of “combinations” (bound states) of weight vectors. For instance, by consider-
ing the stabilizers of a combination of two weight vectors |W1 〉 and |W2 〉 that are not
3As we will emphasize in the rest of the paper, for BHs of the maximal theories any weight corresponds
to a 1-charge solution because the symmetry algebra is split and all the weights have the same length [71].
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connected by U-duality algebra transformations, one obtains the orbits of the “small” 1/4-
BPS BH solutions, that are bound states of two 1/2-BPS BHs whose charge corresponds to
each of the two weight vectors. The stabilizers are the generators whose action vanishes on
each of the weight vectors (which we refer to as common stabilizers), as well as those that
bring them to two weight vectors that belong to a single weight space (which we refer to as
conjunction stabilizers). More specifically, if Eα|W1 〉 and Eβ |W2 〉 define the same weight
space with weight Wc, and Eα|W2 〉 = Eβ|W1 〉 = 0, then the conjunction stabilizer is the
generator Eγ where γ is uniquely determined to be equal to
1
2 (α+ β).
4 The construction
is then naturally extended to bound states of more than two weight vectors.
The five-dimensional theory has a global symmetry E6(6), and we draw in Figure 1 the
Dynkin diagram of the corresponding Lie algebra e6(6). The BH charges belong to the 27,
α1 α3 α4 α5
α6
α2
Figure 1: The Dynkin diagram of e6(6).
whose highest weight is
Λ1 =
4
3α1 +
5
3α2 + 2α3 +
4
3α4 +
2
3α5 + α6 , (2.4)
corresponding to the Dynkin labels 1 0 0 0 0 0 . The generators that annihilate the
highest-weight vector |Λ1 〉 form the e6(6) maximal triangular subalgebra so(5, 5) ⋉ R16,
which is the stabilizing algebra of the “small” 1/2-BPS orbit [16, 28]. Clearly, one would
get the same algebra considering any other weight in the representation.
Not all the weight vectors of the 27 can be reached acting with the generators of e6(6)
on |Λ1 〉. In particular, one weight vector not connected to |Λ1 〉 is |Λ2 〉, with weight
Λ2 = −23α1 − 13α2 + 13α4 + 23α5 . (2.5)
One can then consider the bound state |Λ1 〉+ |Λ2 〉, whose stabilizing algebra is so(4, 5)⋉
R
16, corresponding to the “small” 1/4-BPS orbit [16, 28]. There is still one weight vector
that is neither connected to |Λ1 〉 nor to |Λ2 〉, which is the lowest-weight vector |Λ3 〉,
whose weight is
Λ3 = −23α1 − 43α2 − 3α3 − 53α4 − 43α5 − α6 . (2.6)
One can determine the 3-charge orbit from the stabilizers of the bound state |Λ1 〉+|Λ2 〉+
|Λ3 〉, giving the algebra f4(4), corresponding to the “large” 1/8-BPS orbit. All the weight
vectors of the representation are connected to at least one of the three weight vectors just
considered, which means that one cannot construct a BH solution of rank higher than 3
in this theory [28].
One might ask what happens to the analysis above if one changes the relative sign of
one of the weight vectors, which corresponds to changing the sign of one of the charges
of the constituents of the bound state. One can show that in general nothing changes for
the BH orbits of the maximal theories, because the relative sign of the charges has no
effect in determining the real form of the stabilizing algebra. One single exception to this
general rule is the case of the 4-charge orbits in four dimensions. Indeed, as we will show
4Here one is using the fact that the algebra is simply laced, which is always the case for the maximal
theories.
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below, the splitting of the rank-4 solution in two different orbits (the 1/8-BPS and the
non-supersymmetric dyonic orbits) is due to the fact that changing the sign of one of the
weight vectors in a 4-charge bound state leads to a stabilizing algebra which is a different
real form of the same complex algebra. As we will see in the rest of the paper, this feature
is completely general in theories with less supersymmetry.
We now move to discussing the orbits of the four-dimensional theory, whose U-duality
symmetry is E7(7). We draw in Figure 2 the Dynkin diagram of the Lie algebra e7(7). The
α1 α3 α4 α5
α7
α2 α6
Figure 2: The Dynkin diagram of e7(7).
BH charges belong to the irrep. 56, whose highest weight is
Λ1 = α1 + 2α2 + 3α3 +
5
2α4 + 2α5 +
3
2α6 +
3
2α7 , (2.7)
corresponding to the Dynkin labels 0 0 0 0 0 1 0 , using the conventions for the simple
roots defined in Figure 2. The stabilizers of the highest-weight vector |Λ1 〉 form the e7(7)
maximal triangular subalgebra e6(6)⋉R
27, resulting in the 1/2-BPS “small” orbit [16, 28].
Exactly as in five dimensions, one considers bound states of weight vectors that are
not connected to each other by transformations in the algebra. In the case of the 56, the
maximum number of such weight vectors is four, and in particular we choose them to be
|Λ1 〉 together with |Λ2 〉, |Λ3 〉 and |Λ4 〉, whose weights are
Λ2 = α1 + α2 + α3 +
1
2α4 − 12α6 + 12α7
Λ3 = −α1 − α2 − α3 − 12α4 − 12α6 − 12α7
Λ4 = −α1 − 2α2 − 3α3 − 52α4 − 2α5 − 12α6 − 32α7 . (2.8)
The 2-charge bound state |Λ1 〉+ |Λ2 〉 has a stabilizing algebra (so(6, 5)⋉R32)×R, while
the 3-charge bound state |Λ1 〉+ |Λ2 〉+ |Λ3 〉 has a stabilizing algebra f4(4) ⋉ R26. They
correspond to the 1/4-BPS and 1/8-BPS “small” orbits [16, 28].
As already anticipated, the 4-charge orbits are special because as we will show now the
result depends on the relative sign on the weight vectors. In particular, one can consider
the bound state
|Λ1 〉+ |Λ2 〉+ |Λ3 〉+ |Λ4 〉 , (2.9)
which will turn out to give the 1/8-BPS “large” orbit, and the bound state
|Λ1 〉+ |Λ2 〉+ |Λ3 〉 − |Λ4 〉 , (2.10)
which differs from the one in eq. (2.9) because we have changed the sign of one of the weight
vectors, and which will result in the dyonic orbit. Without going into the details, we can
analyze the compactness of the stabilizers using the fact that the Cartan involution acts
as in eq. (2.2). As we will see, it will turn out that some of the stabilizing generators are
combinations of the F generators defined in eq. (2.3), and changing the sign in the bound
state corresponds to transforming stabilizers that are combinations of F− generators in
stabilizers that are combinations of F+ generators.
We now proceed with a more detailed analysis of the stabilizing algebra. There are
28 common stabilizers, where four of them are Cartan and thus are non-compact because
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conj. pairs |Λ1 〉+|Λ2 〉+|Λ3 〉+|Λ4 〉 |Λ1 〉+|Λ2 〉+|Λ3 〉−|Λ4 〉
(Λ1,Λ2)− (Λ3,Λ4) F−β + F−γ F+β − F+γ
(Λ1,Λ3)− (Λ2,Λ4) F−α + F−γ F+α − F+γ
(Λ1,Λ4)− (Λ2,Λ3) F−α − F−β F+α − F+β
Table 1: The generators that change compactness in the two 4-charge bound states of the 56 of e7(7). In the
first column we list the pairs of weights for which the corresponding generators are conjunction stabilizers.
In each of the second and third columns, there are only two independent generators.
of eq. (2.2), while the other 24 are root generators and thus split into 12 compact and
12 non-compact stabilizers. These are the same for the two bound states. Among the
conjunction stabilizers, there are 48 root generators that evenly split into 24 compact and
24 non-compact, and again this is not sensitive to the sign of the bound state. There
are only two conjunction stabilizers that are compact for the bound state of eq. (2.9) and
become non-compact for the one in eq. (2.10). Here we only focus on these generators.
Defining the roots
α = 2α1 + 3α2 + 4α3 + 3α4 + 2α5 + α6 + 2α7
β = α2 + 2α3 + 2α4 + 2α5 + α6 + α7
γ = α6 , (2.11)
these generators can be written as F−β +F
−
γ and F
−
α +F
−
γ for the supersymmetric bound
state in eq. (2.9) and F+β −F+γ and F−α +F−γ for the dyonic bound state in eq. (2.10). The
detailed analysis is given in Table 1.
Summarizing, in the case of the bound state of eq. (2.9) there are 40 non-compact and
38 compact generators, giving the real form e6(2), while in the case of the bound state of
eq. (2.10) two generators become non-compact, giving 42 non-compact and 36 compact
generators, leading to the split real form e6(6). These correspond to the 1/8-BPS and the
dyonic “large” orbits. The latter orbit can also be obtained as the bound state |Λ1 〉+|Λ5 〉,
where Λ5 = −Λ1 is the lowest weight [28]. One can show that no further stratification
occurs, and in particular the bound state |Λ1 〉 + |Λ2 〉 − |Λ3 〉 − |Λ4 〉 is the same as the
one in eq. (2.9).
3 Magic N = 2 supergravity based on JR3
The classification of orbits of extremal BHs as bound states of 1/2-BPS objects per-
formed in [28] for the case of maximal theories can be naturally extended to those particular
N = 2 theories whose U-duality groups are maximally non-compact (i.e. split). In par-
ticular, we consider in this section the four and five-dimensional theories resulting from
the uplift of the D = 3 theory with global symmetry F4(4). BH orbits in D = 4, 5 were
obtained in [16, 29, 46] by analyzing the symmetries of the attractor equations (for “large”
orbits) as well as the corresponding U-invariant constraints and Freudenthal triple system.
In this section we will derive the same orbits as resulting from bound states of the weight
vectors associated to the longest weights of the global symmetry representation to which
the BH charges belong. We will first consider the D = 5 case, with symmetry SL(3,R),
and then the D = 4 case, with symmetry Sp(6,R).
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Figure 3: The weights of the 6 of sl(3,R). We have painted in red the three long weights.
3.1 D = 5
Besides the spin-2 graviton, the massless bosonic spectrum of the ungauged magic
N = 2, D = 5 Maxwell-Einstein supergravity based on JR3 (coupled to 5 vector multi-
plets) consists of 5 real scalars, parametrizing the symmetric coset SL(3,R)/SO(3), and
5 Abelian vectors which, together with the vector in the gravity multiplet (graviphoton)
transform 5 in the 6 (rank-2 symmetric) of SL(3,R) [26, 27].6
3.1.1 1-charge orbit
The orbits of “small” extremal BH solutions with vanishing quadratic constraint on
the charges, i.e. the highest-weight orbits, are called rank-1 orbits in the language of
Jordan triple systems [78, 48]. The 6 of SL(3,R), which is the representation with two
symmetric fundamental indices, contains three long weights and three short weights, as
shown in Figure 4, and the highest-weight orbit can easily be computed by determining
the generators that stabilize each long-weight vector [68]. In components, the black-hole
charge is QMN = Q(MN) (M,N = 1, 2, 3) and the long-weight vectors correspond to the
components Q11, Q22 and Q33, which are indeed the components for which the quadratic
constraint vanishes, while the other three components are associated to the short-weight
vectors. The Dynkin labels of each weight in Figure 3 are listed in Figure 4. In both
figures the long weights are denoted by Λi while the short weights are denoted by Σi, with
i = 1, 2, 3. In particular,
Λ1 =
4
3α1 +
2
3α2 (3.1)
is the highest weight, where we denote with α1 and α2 the simple roots of the Lie algebra
sl(3,R). The diagram in Figure 4 is drawn using the conventions explained in [68], and
5In fact, among all Maxwell-Einstein supergravities with homogeneous scalar manifold, magic super-
gravity theories are the only unified theories in D = 5 [77].
6In D = 5, there are two classes of asymptotically flat branes: electric black holes (0-branes) and mag-
netic black strings (1-branes), respectively sitting in the 6 and 6′ of SL(3,R), using opposite conventions
on irreps. of SL(3,R) and SL(3,C) with respect to the ones used in [45].
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Figure 4: The weights of the 6 of sl(3,R). The weights are represented by boxes, and the entries of each
box are the Dynkin labels of the corresponding weight.
in particular going down in the right direction means subtracting α1, while going down in
the left direction means subtracting α2.
By looking at the diagram in Figure 4, it is easy to determine the generators Eα that
stabilize each single weight vector |W 〉 with weight W , by observing the roots α that do
not give another weight in the diagram when summed to W , together with the Cartan
generators that annihilate the weight vector. In general, we are interested in all the weight
vectors that are not connected by transformations of the Lie algebra, and in the particular
case of the 6 of SL(3,R) a choice of such vectors is |Λi 〉 (i = 1, 2, 3), whose corresponding
stabilizing generators are listed in Table 2.7 The semisimple part of the stabilizing algebra
is identified by the subset of the stabilizers closed under the action of the Cartan involution,
which acts as in eq. (2.2) because the algebra is split. The final result is that the stabilizing
algebra for each long weight Λi is sl(2,R) ⋉R
2, which is precisely the rank-1 orbit in the
language of [78, 48]. The stabilizing algebra of the short weights is instead so(1, 1)⋉R2.
3.1.2 2-charge orbits
As reviewed in the previous section, in [28] the orbits of BH solutions of maximal
supergravity with rank higher than 1 were computed by determining the stabilizers of
bound states of weight vectors. In N = 8 maximal supergravity the representations of the
BH charges always have a single dominant weight, which means that all weights have the
same length. This is clearly not always the case for N = 2 theories. As we will see below,
this implies that the analysis of orbits of bound states of 1/2-BPS BHs has to be refined.
Knowing that the 1-charge 1/2-BPS BHs correspond to the longest weights [68], we
want to derive the 2-charge (i.e. rank-2 [78, 48]) orbits as those that stabilize the combi-
nation of two such weights, in the very same way as in the maximal theory. Schematically,
given the 1-charge BHs associated to the longest weights Λ1 and Λ2, we write their bound
state as |Λ1 〉+ |Λ2 〉. As in maximal supergravity, this state is annihilated by the common
stabilizers and by the conjunction stabilizers. From Table 2, one obtains that the com-
mon stabilizers are Eα1+α2 and Eα2 , while from Figure 4 it is clear that there is only one
weight vector that can be reached from |Λ1 〉 by acting with E−α1 as well as from |Λ2 〉 by
acting with Eα1 , namely the short-weight vector |Σ1 〉. Correspondingly, the conjunction
7We also list in the table the stabilizing generators for the short-weight vector |Σ1 〉, which is not
connected to |Λ3 〉.
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height |Λ1 〉 |Λ2 〉 |Λ3 〉 |Σ1 〉
2 Eα1+α2 Eα1+α2 Eα1+α2
1 Eα1 Eα2 Eα2 Eα1 Eα2
0 Hα2 Hα1 +Hα2 Hα1 Hα1
−1 E−α2 E−α1 E−α1 E−α2
−2 E−α1−α2 E−α1−α2
Table 2: Stabilizers for the weight vectors of the 6 of sl(3,R). The first three (long) weights have a
stabilizing algebra sl(2,R)⋉ R2, while for the last (short) weight Σ1 one gets so(1, 1)⋉ R
2. We list in the
first column the sum of the coefficients of the simple roots that occur in a given root, which we dub its
height [71].
stabilizer is Eα1 − E−α1 . It is worth observing that, with respect to the same analysis
for the maximal supergravity [28], in this case the two roots are one the opposite of the
other, which means that the conjunction stabilizer is not associated to a combination of
roots. Moreover, if one formally takes the linear combination |Λ1 〉 − |Λ2 〉, the common
stabilizers are the same as before, while the conjunction stabilizer becomes Eα1 + E−α1 .
We recognize in these two combinations the generators F−α and F
+
α defined in eq. (2.3).
Remembering the generator F−α is compact while the generator F
+
α is non-compact, we
get that the stabilizing algebra is so(2) ⋉ R2 for the |Λ1 〉 + |Λ2 〉 orbit and so(1, 1) ⋉ R2
for the |Λ1 〉 − |Λ2 〉 orbit. This is summarized in Table 3.
Common |Λ1 〉+ |Λ2 〉 Conjunction |Λ1 〉 − |Λ2 〉 Conjunction
Eα1+α2 F
−
α1
F+α1
Eα2
Table 3: Generators of the |Λ1 〉 + |Λ2 〉 and |Λ1 〉 − |Λ2 〉 stabilizing algebras, that are so(2) ⋉ R
2 and
so(1, 1)⋉ R2 respectively.
It should be stressed that the existence of two 2-charge orbits is here exactly due to
the fact that there are short and long weights in the representation. Indeed, whenever
this occurs, one gets two long weights that are connected to a short weight by Eα and
E−α respectively, and therefore one can get both F
−
α and F
+
α as suitable conjunction
stabilizers.8 This is explained in detail in Appendix A. As we will see, this will also be the
cause of the splitting of the 3-charge configurations in two different orbits in this theory,
as well as of the existence of more than one U-orbit (with rank > 1) in the corresponding
four-dimensional theory.
Another crucial point to observe, which will be used throughout the paper, is the fact
that the |Λ1 〉 − |Λ2 〉 orbit coincides with that of |Σ1 〉, as can be seen from Table 2. The
comparison with the literature reveals that the orbit with a more compact stabilizer, i.e.
|Λ1 〉+|Λ2 〉, is 1/2-BPS, whereas the |Λ1 〉−|Λ2 〉 orbit is non-supersymmetric. This result
also will turn out to be completely general: the non-supersymmetric orbit can always be
obtained as a bound state of weights where one of them is short.
8The fact that in the maximal theories all the weights have the same length explains in this perspective
why in the maximal five-dimensional supergravity the splitting of the orbits does not occur.
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3.1.3 3-charge orbits
We now move to the “large” 3-charge (or rank-3 [78, 48]) orbits. Repeating the con-
struction above, we want to derive these orbits as bound states of three long-weight vectors.
Up to an (irrelevant) overall sign, there are two possibilities for the choice of representa-
tives, i.e. |Λ1 〉+ |Λ2 〉+ |Λ3 〉 and |Λ1 〉+ |Λ2 〉−|Λ3 〉. We see from Table 2 that there are
no common stabilizers, while from Figure 4 one derives that the conjunction stabilizers of
each pair of long-weight vectors annihilates the third, which implies that they are stabi-
lizers of the bound state of three long-weight vectors. Finally, there are no weight vectors
that are connected by the algebra to all of the three long-weight vectors; this translates
to the statement that there are no 3-conjunction stabilizers.9 The overall result is sum-
marized in Table 4, which shows that while all generators in the first case are compact, in
the second case the conjunction stabilizers involving the weight Λ3 become non-compact.
As a result, we get the stabilizing algebra su(2) in the first case and sl(2,R) in the second,
in precise agreement with the literature [43]. In particular, the |Λ1 〉+ |Λ2 〉+ |Λ3 〉 orbit
is 1/2-BPS while the |Λ1 〉+ |Λ2 〉 − |Λ3 〉 orbit is non-supersymmetric.
2-conj. |Λ1 〉+ |Λ2 〉+ |Λ3 〉 Stabilizers |Λ1 〉+ |Λ2 〉 − |Λ3 〉 Stabilizers
Λ1,Λ2 F
−
α1
F−α1
Λ1,Λ3 F
−
α1+α2 F
+
α1+α2
Λ2,Λ3 F
−
α2
F+α2
Table 4: Stabilizers of |Λ1 〉+ |Λ2 〉+ |Λ3 〉 and |Λ1 〉 + |Λ2 〉 − |Λ3 〉 bound states, resulting in su(2) and
sl(2,R) respectively. In the first column we list the weights of the states for which the corresponding
operator is a conjunction stabilizer.
Finally, we can determine the stabilizers of the bound state of a long-weight vector
and a short-weight vector. Considering e.g. |Λ3 〉+ |Σ1 〉, it can be checked using Table 2
and Figure 4 that the stabilizers are those listed in Table 5, leading to the algebra so(1, 2),
which is isomorphic to sl(2,R). We therefore get the same orbit as for the bound state
|Λ1 〉+ |Λ2 〉−|Λ3 〉, in agreement with the aforementioned general rule that a short-weight
vector is equivalent to the difference of two long-weight vectors. This is also confirmed by
the fact that the bound state |Λ3 〉 − |Σ1 〉 leads again to the same stabilizer, as can be
checked using the same procedure.
|Λ3 〉+ |Σ1 〉 Stabilizers
Common Conjunction
Hα1 Eα1+α2 − E−α2
Eα2 − E−α1−α2
Table 5: Generators of the so(1, 2) stabilizing algebra of |Λ3 〉+ |Σ1 〉.
This completes the analysis of the orbits for the 6 of sl(3,R). We summarize the results
in Table 6, matching those reported in Table II of [46] (cfr. also Refs. therein).
9In general, an n-conjunction stabilizer occurs when n weights are connected to a single weight by
transformations of the algebra.
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In the next subsection we will show that all the orbits of the 14′ of sp(6,R), pertaining
to extremal BHs of the N = 2, D = 4 Maxwell-Einstein theory based on JR3 , can be
computed as bound states of longest-weight vectors, exactly as in D = 5, and in particular
we will again see that the existence of more than one orbit (with rank > 1) is related to
the presence of short weights in the representation, and the orbits that can be obtained
as bound states involving short-weight vectors are always non-supersymmetric ones.
State Stabilizer
1
-s
ta
te |Λ1 〉 sl(2,R) ⋉R2
|Λ1 〉+ |Λ2 〉 so(2)⋉R2
|Λ1 〉 − |Λ2 〉 so(1, 1) ⋉R2
2
-s
ta
te
|Σ1 〉 so(1, 1) ⋉R2
|Λ1 〉+ |Λ2 〉+ |Λ3 〉 su(2) ∼ so(3)
|Λ1 〉+ |Λ2 〉 − |Λ3 〉 sl(2,R) ∼ so(1, 2)
|Λ3 〉+ |Σ1 〉 so(1, 2)3
-s
ta
te
|Λ3 〉 − |Σ1 〉 so(1, 2)
Table 6: Stabilizers in the 6 of sl(3,R).
3.2 D = 4
The N = 2,D = 4 Maxwell-Einstein supergravity theory based on JR3 (coupled to 6
vector multiplets) has a global U-duality symmetry Sp(6,R) [26, 27]. In order to define
our conventions for the simple roots of the sp(6,R) algebra, we draw its Dynkin diagram
in Figure 5.10 As in the D = 5 case discussed above, the symmetry group is split, which
α1 α2 α3
Figure 5: The Dynkin diagram of sp(6,R).
implies that the Cartan involution acts on the generators as in eq. (2.2). The electric
and magnetic charges of the extremal black holes in the theory transform in the (rank-3
anti-symmetric skew-traceless) irrep. 14′, that is the representation whose highest weight
is
Λ1 = α1 + 2α2 +
3
2α3 , (3.2)
with Dynkin labels 0 0 1 . In Figure 6 we draw the weights of the 14′, as well as the
simple roots that have to be subtracted to any given weight in order to get the weights
below them in the figure. As above, the long weights are denoted by Λ and the short ones
by Σ. As it can be seen from the figure, eight weights are long and six are short.
10In Appendix B we give a detailed derivation of the structure constants of this algebra that are used in
this section.
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Figure 6: The weights of the 14′ of sp(6,R).
3.2.1 1-charge orbit
The 1-charge (i.e. rank-1 [78, 48]) BH orbits can be computed from the stabilizing
algebra of each long-weight vector. Here we want to show that all the orbits of rank
higher than one can be computed as bound states of long-weight vectors, precisely as
occurring in D = 5. In particular, we consider bound states of weight vectors that are
not connected to each other by an infinitesimal transformation, i.e. by a transformation
in the algebra sp(6,R). Starting from the highest-weight vector |Λ1 〉, without any loss
of generality, we choose the other long-weight vectors to be |Λ4 〉, |Λ6 〉 and |Λ7 〉. We
list in Table 7 the generators Eα that stabilize these weight vectors, as well as the Cartan
stabilizers H. We also list the stabilizers for the short-weight vector |Σ6 〉, not connected
to the weight vectors |Λ1 〉 and |Λ4 〉, because we want to show that, as it holds in D = 5,
the existence of two 2-charge and two 3-charge orbits is ultimately due to the presence
of short weights, and that non-supersymmetric orbits can always be obtained as a bound
state involving a short-weight vector. Finally, in Table 7 we also list the stabilizers of
the lowest-weight vector |Λ8 〉, that will be needed for the rank-4 dyonic orbit. As can be
deduced from Table 7, for each long weight one obtains the stabilizing algebra sl(3,R)⋉R6,
in agreement with the literature [46].
On the other hand, the stabilizing algebra of each short weight is so(2, 2) ⋉ (R × R4).
Since in this analysis a short-weight vector can be traded for a difference of two long-weight
vectors, we will see below that so(2, 2) ⋉ (R × R4) is indeed the stabilizer of a 2-charge
(i.e. rank-2) orbit of sp(6,R).
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height |Λ1 〉 |Λ4 〉 |Λ6 〉 |Λ7 〉 |Σ6 〉 |Λ8 〉
5 E2α1+2α2+α3 E2α1+2α2+α3
4 Eα1+2α2+α3 Eα1+2α2+α3 Eα1+2α2+α3
3
Eα1+α2+α3
E2α2+α3
Eα1+α2+α3 E2α2+α3 Eα1+α2+α3 E2α2+α3
2
Eα1+α2
Eα2+α3
Eα1+α2
Eα1+α2
Eα2+α3
Eα2+α3 Eα1+α2
1
Eα1
Eα2
Eα3
Eα1
Eα2
Eα2
Eα1
Eα3
Eα3
Eα1
Eα2
0
Hα1
Hα2
Hα2
Hα1 + 2Hα3
Hα1 +Hα2
Hα2 + 2Hα3
Hα1
Hα2 + 2Hα3
Hα2
Hα3
Hα1
Hα2
−1 E−α1
E−α2
E−α2
E−α3
E−α1
E−α3
E−α1
E−α2
E−α1
E−α3
E−α1
E−α2
E−α3
−2 E−α1−α2 E−α2−α3
E−α1−α2
E−α2−α3
E−α1−α2
E−α2−α3
E−α1−α2
E−α1−α2
E−α2−α3
−3 E−α1−α2−α3
E−2α2−α3
E−α1−α2−α3
E−α1−α2−α3
E−2α2−α3
E−α1−α2−α3
E−2α2−α3
E−α1−α2−α3
E−2α2−α3
−4 E−α1−2α2−α3 E−α1−2α2−α3 E−α1−2α2−α3 E−α1−2α2−α3 E−α1−2α2−α3
−5 E−2α1−2α2−α3 E−2α1−2α2−α3 E−2α1−2α2−α3 E−2α1−2α2−α3
Table 7: Stabilizers for the weight vectors of the 14′ of sp(6,R) that are used in the analysis of the paper.
3.2.2 2-charge orbits
We now move to consider the multi-charge states as being associated to combinations
of long-weight vectors. In particular, the 2-charge orbits result from the bound states 11
|Λ1 〉+ |Λ4 〉 |Λ1 〉 − |Λ4 〉 . (3.3)
The stabilizers of each orbit can be read from Table 8. In general, one can deduce the
real form of the semisimple part of the stabilizing algebra by looking at how the Cartan
involution acts on the corresponding generators following eq. (2.2).
In the |Λ1 〉 + |Λ4 〉 case, one can recombine all the conjunction stabilizers and the
common stabilizers Hα2 , Eα2 and E−α2 in the form
Hβ1 =
1
2
(
Hα2 + iF
−
α2+α3
)
Eβ1 =
1
2
[
Eα2 − i
(
E2α2+α3 − E−α3
)]
E−β1 =
1
2
[
E−α2 − i
(
Eα3 − E−2α2−α3
)]
Hβ2 =
1
2
(
Hα2 − iF−α2+α3
)
Eβ2 =
1
2
[
Eα2 + i
(
E2α2+α3 − Eα3
)]
E−β2 =
1
2
[
E−α2 + i
(
Eα3 − E−2α2−α3
)]
. (3.4)
11In Appendix C we give a simple argument that shows that one obtains the same orbits considering
any other pair of long-weight vectors.
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Common |Λ1 〉+ |Λ4 〉 Conjunction |Λ1 〉 − |Λ4 〉 Conjunction
E2α1+2α2+α3 F
−
α2+α3 F
+
α2+α3
Eα1+2α2+α3 E2α2+α3 − E−α3 E2α2+α3 + E−α3
Eα1+α2+α3 Eα3 − E−2α2−α3 Eα3 + E−2α2−α3
Eα1+α2
Eα1 Eα2
Hα2
E−α2
Table 8: The stabilizers of the bound states of two long-weight vectors, namely |Λ1 〉+|Λ4 〉 and |Λ1 〉−|Λ4 〉.
In the first case one gets the algebra so(1, 3)⋉ (R1 × R4), while the second case gives so(2, 2)⋉ (R1 × R4)
(this latter case matches the stabilizer of each short weight).
The generators Hβ1 , Eβ1 and E−β1 and the generators Hβ2 , Eβ2 and E−β2 form two
separate su(2) algebras, and from eq. (2.2) it follows that
θHβ1 = −Hβ2 θEβ1 = −E−β2 . (3.5)
As a consequence, the generators in eq. (3.4) form the algebra sl(2,C) which is isomorphic
to so(1, 3). The remaining stabilizers in the first column of Table 8 transform in the 4⊕ 1
of so(1, 3), where the singlet is the generator E2α1+2α2+α3 . Thus, the stabilizing algebra
in the |Λ1 〉+ |Λ4 〉 case is so(1, 3) ⋉ (R1 × R4).
Similarly, in the case of the |Λ1 〉 − |Λ4 〉 bound state one deduces from Table 8 that
the semisimple part of the stabilizing algebra is generated by
Hγ1 =
1
2
(
Hα2 + F
+
α2+α3
)
Eγ1 =
1√
2
[
Eα2 −
(
E2α2+α3 + E−α3
)]
E−γ1 =
1√
2
[
E−α2 −
(
Eα3 + E−2α2−α3
)]
Hγ2 =
1
2
(
Hα2 − F+α2+α3
)
Eγ2 =
1√
2
[
Eα2 +
(
E2α2+α3 + E−α3
)]
E−γ2 =
1√
2
[
E−α2 +
(
Eα3 + E−2α2−α3
)]
. (3.6)
Again, the first three generators commute with the last three, but in this case using
eq. (2.2) one gets
θHγi = −Hγi θEγi = −E−γi i = 1, 2 , (3.7)
which implies that the semisimple part of the stabilizing algebra is sl(2,R)⊕ sl(2,R), that
is isomorphic to so(2, 2). The full stabilizer of the |Λ1 〉−|Λ4 〉 orbit is so(2, 2)⋉(R1×R4).
As holding in the D = 5 treatment performed in the previous subsection, the D = 4
analysis of the 2-charge states of long weights reveals that the existence of more than one
rank-2 orbit can be traced back to the presence of the conjunction stabilizers F±α2+α3 in
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Common 2-conj. |Λ1 〉+ |Λ4 〉+ |Λ6 〉 |Λ1 〉+ |Λ4 〉 − |Λ6 〉
Eα1+2α2+α3 F
−
α2+α3 F
−
α2+α3
Eα1+α2 Λ
1
,Λ
4
E2α2+α3 −E−α3 E2α2+α3 − E−α3
Eα2 F
−
α1+α2+α3 F
+
α1+α2+α3
Λ
1
,Λ
6
E2α1+2α2+α3 +E−α3 E2α1+2α2+α3 − E−α3
F−α1 F
+
α1
Λ
4
,Λ
6
E2α1+2α2+α3 + E2α2+α3 E2α1+2α2+α3 − E2α2+α3
Table 9: The stabilizers of the bound states of three long-weight vectors, namely |Λ1 〉 + |Λ4 〉 + |Λ6 〉
and |Λ1 〉+ |Λ4 〉 − |Λ6 〉, giving the algebra su(2)⋉ R
5 and su(1, 1) ⋉ R5 respectively. The 2-conjunction
stabilizers connect the two weight vectors whose weights are listed in the second column, and annihilate
the third weight vector.
Table 8. As resulting from Figure 6, these operators transform the states with weight Λ1
and the states with weight Λ4 to a state with weight Σ1, which is short. Hence, as is
the five-dimensional case, the existence of two 2-charge orbits is due to the presence of
short weights in the relevant U-representation. By comparing with the literature [46], we
observe that the |Λ1 〉+ |Λ4 〉 orbit, whose stabilizer is more compact, is supersymmetric,
while the |Λ1 〉 − |Λ4 〉 orbit, whose stabilizer has a maximally non-compact semisimple
part, is non-supersymmetric. As is the five-dimensional case, the latter orbit can also be
obtained as the one stabilizing a single short weight, and indeed from Table 7 one gets the
stabilizing algebra so(2, 2)⋉ (R×R4) for the short weight Σ6 (and actually for each short
weight).
3.2.3 3-charge orbits
The 3-charge orbits can be obtained as the stabilizers of the bound states of the three
long-weight vectors
|Λ1 〉+ |Λ4 〉+ |Λ6 〉 |Λ1 〉+ |Λ4 〉 − |Λ6 〉 . (3.8)
We first consider the |Λ1 〉 + |Λ4 〉 + |Λ6 〉 orbit. The common stabilizers are the subset
of the stabilizers in the first column of Table 8 which stabilize |Λ6 〉 as well, and by ob-
serving Figure 6 one deduces that these are the generators Eα1+2α2+α3 , Eα1+α2 and Eα2 .
Furthermore, out of the 2-conjunction stabilizers of |Λ1 〉+ |Λ4 〉, only the first two in the
second column of Table 8, namely F−α2+α3 and E2α2+α3 −E−α3 , stabilize |Λ6 〉. By repeat-
ing the same analysis for the generators that are 2-conjunction stabilizers for |Λ1 〉+ |Λ6 〉
and are stabilizers of |Λ4 〉, one gets the generators F−α1+α2+α3 and E2α1+2α2+α3 +E−α3 .12
Finally, the 2-conjunction stabilizers of |Λ4 〉+ |Λ6 〉 that also stabilize |Λ1 〉 are F−α1 and
E2α1+2α2+α3 + E2α2+α3 . The latter generator is not linearly independent, and therefore
we do not consider it in the stabilizing algebra. Actually, there also exists a 3-conjunction
stabilizer, because the states with weights Λ1, Λ4 and Λ6 can be transformed to the state
of weight Λ2 by acting with the generators E−α3 , E2α2+α3 and E2α1+2α2+α3 respectively,
12The conventions for the signs are all consistent with the structure constants defined in Appendix B.
Choosing whether the F generators are compact or not, which corresponds to our choices of the relative
signs in the bound states, imposes the other stabilizers to be exactly those in Table 9. In particular, defining
the weight vector |Λ2 〉 by the relation E−α3 |Λ1 〉 = |Λ2 〉 implies that E2α1+2α3+α3 |Λ6 〉 = −|Λ2 〉, giving
the stabilizer E2α1+2α2+α3 + E−α3 for the bound state |Λ1 〉+ |Λ4 〉+ |Λ6 〉.
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Common |Λ1 〉+ |Σ6 〉 Conjunction |Λ1 〉 − |Σ6 〉 Conjunction
E2α2+α3 Eα2+α3 − 2E−2α1−2α2−α3 Eα2+α3 + 2E−2α1−2α2−α3
Eα3 Eα1+2α2+α3 − E−α1−α2−α3 Eα1+2α2+α3 + E−α1−α2−α3
Hα2 Eα1+α2+α3 −E−α1−2α2−α3 Eα1+α2+α3 + E−α1−2α2−α3
E−α1
E−α1−α2
Table 10: The stabilizers of the |Λ1 〉+ |Σ6 〉 and |Λ1 〉 − |Σ6 〉 orbits.
but this stabilizer is not independent because each pair of generators is a 2-conjunction
stabilizer for a pair of states that also stabilizes the third state. To summarize, in the first
and third columns of Table 9 we list the independent stabilizers of the |Λ1 〉+ |Λ4 〉+ |Λ6 〉
bound state.
Repeating the same analysis for the |Λ1 〉 + |Λ4 〉 − |Λ6 〉 case, one has to modify
the 2-conjunction stabilizers that involve the weight Λ6 in a way similar to what hap-
pens in Table 8 for the bound states of two long-weight vectors, i.e. F−α1 , F
−
α1+α2+α3 and
E2α1+2α2+α3 + E−α3 become F
+
α1
, F+α1+α2+α3 and E2α1+2α2+α3 − E−α3 , respectively. The
stabilizers of the |Λ1 〉+ |Λ4 〉− |Λ6 〉 bound state are listed in the first and fourth column
of Table 9.
The semisimple part of the stabilizing algebra of the 3-charge states is given by the
generators F± in Table 9. In the |Λ1 〉+ |Λ4 〉+ |Λ6 〉 case, this yields the compact algebra
su(2), and thus the full stabilizing algebra is su(2) ⋉ R5. On the other hand, in the
|Λ1 〉+ |Λ4 〉 − |Λ6 〉 case, there are two non-compact and one compact generators in the
semisimple part of the stabilizing algebra, which therefore leads to the algebra sl(2,R),
and consequently the full stabilizing algebra is sl(2,R)⋉R5. As in the 2-charge orbits, the
generators that change the compactness of the stabilizing algebra have the form given by
eq. (2.3), connecting each long-weight vector to a short-weight vector (see Appendix A for
details), and therefore the existence of more than one orbit is again due to the presence of
short weights in the representation. By comparison with the literature [46], the 1/2-BPS
orbit is related to |Λ1 〉+ |Λ4 〉+ |Λ6 〉, and in this 3-charge case has a compact stabilizer,
while the non-supersymmetric orbit is related to |Λ1 〉+ |Λ4 〉+ |Λ6 〉, whose (semisimple
part of the) stabilizer is maximally non-compact.
As in all previous cases, one can obtain the non-supersymmetric orbit as a bound
state involving a short-weight vector. In particular, one can consider in this case the
bound states |Λ1 〉 ± |Σ6 〉, whose stabilizers are listed in Table 10. One can notice that
the stabilizing algebra is in both cases sl(2,R) ⋉ R5, where sl(2,R) is generated by Hα2 ,
Eα1+2α2+α3 ± E−α1−α2−α3 and E−α1−2α2−α3 ± Eα1+α2+α3 . By looking at eq. (2.2) one
notices that the first generator is mapped into minus itself under the Cartan involution,
while the latter two go each to minus the other, and hence there are one compact and
two non-compact generators in total, leading to the real form sl(2,R). The remaining
generators in Table 10 transform in the 5 of sl(2,R).
3.2.4 4-charge orbits
Finally, we consider 4-charge (i.e. rank-4 [78, 48]) “large” orbits. Following our
method, we want to obtain these orbits as bound states of the long-weight vectors |Λ1 〉,
|Λ4 〉, |Λ6 〉 and |Λ7 〉. Up to an (irrelevant) overall sign, there are three possibilities,
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2-conj. |Λ1 〉+|Λ4 〉+|Λ6 〉+|Λ7 〉 |Λ1 〉+|Λ4 〉+|Λ6 〉−|Λ7 〉 |Λ1 〉+|Λ4 〉−|Λ6 〉−|Λ7 〉
Λ1,Λ4 F
−
α2+α3 F
−
α2+α3 F
−
α2+α3
F−2α2+α3 + F
−
α3
F+2α2+α3 − F+α3 F−2α2+α3 + F−α3
Λ1,Λ6 F
−
α1+α2+α3 F
−
α1+α2+α3 F
+
α1+α2+α3
F−2α1+2α2+α3 − F−α3 F+2α1+2α2+α3 + F+α3 F−2α1+2α2+α3 + F−α3
Λ1,Λ7 F
−
α1+2α2+α3
F+α1+2α2+α3 F
+
α1+2α2+α3
F−2α1+2α2+α3 + F
−
2α2+α3
F+2α1+2α2+α3 + F
+
2α2+α3
F−2α1+2α2+α3 − F−2α2+α3
Λ4,Λ6 F
−
α1
F−α1 F
+
α1
F−2α1+2α2+α3 + F
−
2α2+α3
F+2α1+2α2+α3 + F
+
2α2+α3
F−2α1+2α2+α3 − F−2α2+α3
Λ4,Λ7 F
−
α1+α2 F
+
α1+α2 F
+
α1+α2
F−2α1+2α2+α3 − F−α3 F+2α1+2α2+α3 + F+α3 F−2α1+2α2+α3 + F−α3
Λ6,Λ7 F
−
α2
F+α2 F
−
α2
F−2α2+α3 + F
−
α3
F+2α2+α3 − F+α3 F−2α2+α3 + F−α3
Table 11: The stabilizers of the 4-charge orbits in the 14′ of sp(6,R). In the first column we list the pair
of states for which the operator in the first line of each row is a 2-conjunction stabilizer. In any column,
there are only two independent generators among those in the second line of each row; in total, the number
of independent generators for each 4-charge orbit is 8.
namely
|Λ1 〉+|Λ4 〉+|Λ6 〉+|Λ7 〉 |Λ1 〉+|Λ4 〉+|Λ6 〉−|Λ7 〉 |Λ1 〉+|Λ4 〉−|Λ6 〉−|Λ7 〉 . (3.9)
From Table 7 it can be noticed that there are no common stabilizers. We consider the
2-conjunction stabilizers for each pair of weight vectors. If one considers for example
the pair |Λ1 〉 + |Λ4 〉, one can notice that among the 2-conjunction stabilizers listed in
Table 8, only F−α2+α3 vanishes on each of the other two weight vectors. Moreover, the
operator E2α2+α3 − E−α3 only vanishes on |Λ6 〉, while it maps |Λ7 〉 to the bound state
|Λ5 〉+ |Λ8 〉.13 Similarly, the operator Eα3 − E−2α2−α3 vanishes on |Λ7 〉 and maps |Λ6 〉
to −|Λ5 〉 − |Λ8 〉. In the |Λ1 〉+ |Λ4 〉+ |Λ6 〉 + |Λ7 〉 orbit, one then obtains a stabilizer
by summing the two operators above, yielding
F−2α2+α3 + F
−
α3
. (3.10)
Analogously, in the |Λ1 〉+|Λ4 〉+|Λ6 〉−|Λ7 〉 orbit it is the difference of the two operators
that gives a stabilizer, which is
F+2α2+α3 − F+α3 . (3.11)
Finally, in the |Λ1 〉 + |Λ4 〉 − |Λ6 〉 − |Λ7 〉 it is again the sum that gives a stabilizer.
This analysis can be applied to any pair of weight vectors, obtaining for each pair a 2-
conjunction stabilizer that is also a stabilizer for each of the other two weight vectors, and
a 2-conjunction stabilizer that is also a 2-conjunction stabilizer for the other two weight
vectors. The complete outcome of this analysis is summarized in Table 11.
By looking at the table, one notices that the number of independent generators for
each orbit is 8. In the |Λ1 〉+ |Λ4 〉+ |Λ6 〉 + |Λ7 〉 orbit, all the generators are compact,
13As for the 3-charge bound states, the conventions for the signs are all consistent with the structure
constants defined in Appendix B.
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|Λ1 〉+ |Λ4 〉+ |Σ6 〉 Stabilizers
Common 2-Conjunction 3-Conjunction
Hα2 E2α2+α3 − E−α3 F+α2+α3 − 2F+2α1+2α2+α3
Eα3 − E−2α2−α3
Eα1+2α2+α3 − E−α1−α2−α3
Eα1+α2+α3 − E−α1−2α2−α3
Eα1+α2 − E−α1
Eα1 − E−α1−α2
Table 12: Stabilizers of |Λ1 〉 + |Λ4 〉+ |Σ6 〉 that generate the algebra sl(3,R), matching the stabilizer of
the non-BPS space-like 4-charge orbit whose representative is related to the bound state |Λ1 〉 + |Λ4 〉 +
|Λ6 〉 − |Λ7 〉.
while the |Λ1 〉 + |Λ4 〉 + |Λ6 〉 − |Λ7 〉 orbit has three compact and five non-compact
generators and the |Λ1 〉 + |Λ4 〉 − |Λ6 〉 − |Λ7 〉 orbit has four compact and four non-
compact generators. We recognize these as the three different real forms su(3), sl(3,R)
and su(2, 1) of the complex algebra sl(3,C), and it can be explicitly checked that these
are indeed the algebras generated by the operators in Table 11. By comparing with the
literature [29], one recognizes |Λ1 〉+ |Λ4 〉+ |Λ6 〉+ |Λ7 〉 to be related to the “large” time-
like 1/2-BPS orbit, |Λ1 〉 + |Λ4 〉 + |Λ6 〉 − |Λ7 〉 to be related to the “large” dyonic non-
supersymmetric (non-BPS) space-like orbit, and |Λ1 〉+ |Λ4 〉− |Λ6 〉− |Λ7 〉 to be related
to the “large” non-supersymmetric (non-BPS) time-like orbit. Note that the stabilizer of
the non-BPS space-like 4-charge orbit generally coincides with the U-duality Lie algebra
of the corresponding theory in D = 5.
We recall that the generators in the top line of each row in Table 11 are those connecting
the long-weight vectors to a short-weight vector, while the generators in the bottom line
of the row connect long-weight vectors with long-weight vectors. The |Λ1 〉 + |Λ4 〉 +
|Λ6 〉 − |Λ7 〉 orbit differs from the 1/2-BPS orbit because generators of both types swap
compactness. On the other hand, in the |Λ1 〉+ |Λ4 〉−|Λ6 〉−|Λ7 〉 orbit only (four of) the
generators on the top line of each row become non-compact, while the generators in the
bottom line remain compact, and hence in this case the generators that swap compactness
|Λ1 〉 − |Λ4 〉+ |Σ6 〉 Stabilizers
Common 2-Conjunction 3-Conjunction
Hα2 E2α2+α3 + E−α3 F
−
α2+α3 + 2F
−
2α1+2α2+α3
Eα3 + E−2α2−α3
Eα1+2α2+α3 − E−α1−α2−α3
Eα1+α2+α3 − E−α1−2α2−α3
Eα1+α2 + E−α1
Eα1 + E−α1−α2
Table 13: The su(1, 2) generators of the stabilizing algebra of |Λ1 〉− |Λ4 〉+ |Σ6 〉, matching the stabilizer
of the non-BPS time-like 4-charge orbit whose representative is related to the bound state |Λ1 〉+ |Λ4 〉 −
|Λ6 〉 − |Λ7 〉.
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|Λ1 〉+ |Λ8 〉 Stabilizers (Common)
Eα1+α2
Eα1 Eα2
Hα1 Hα2
E−α1 E−α2
E−α1−α2
Table 14: Stabilizers of |Λ1 〉+ |Λ8 〉, generating the algebra sl(3,R).
compared to the supersymmetric case are only conjunction stabilizers to short-weight
vectors. This explains why this splitting of the 4-charge configuration in three orbits does
not occur in maximal D = 4 supergravity, in which only the 1/8-BPS and the dyonic
orbits are present. Indeed, in the maximally supersymmetric case the representation 56
of the U-duality symmetry e7(7) has only long weights.
Precisely as in the 2-charge and 3-charge cases, one can show that the non-BPS orbits
can be obtained as bound states involving short-weight vectors. Without dealing with
the details, we list the stabilizers of the |Λ1 〉 + |Λ4 〉 + |Σ6 〉 and |Λ1 〉 − |Λ4 〉 + |Σ6 〉
bound states in Table 12 and Table 13, from which it can be deduced that the stabilizing
algebras are sl(3,R) and su(1, 2) respectively, in agreement with the general rule that
a short-weight vector corresponds to the difference of two long-weight vectors. Finally,
State Stabilizer
1
-s
ta
te |Λ1 〉 sl(3,R) ⋉R6
|Λ1 〉+ |Λ4 〉 so(1, 3) ⋉ (R ×R4)
|Λ1 〉 − |Λ4 〉 so(2, 2) ⋉ (R ×R4)
2
-s
ta
te
|Σ6 〉 so(2, 2) ⋉ (R ×R4)
|Λ1 〉+ |Λ4 〉+ |Λ6 〉 su(2) ⋉R5
|Λ1 〉+ |Λ4 〉 − |Λ6 〉 sl(2,R) ⋉R5
|Λ1 〉+ |Σ6 〉 sl(2,R) ⋉R53
-s
ta
te
Λ1 − Σ6 sl(2,R) ⋉R5
|Λ1 〉+ |Λ4 〉+ |Λ6 〉+ |Λ7 〉 su(3)
|Λ1 〉+ |Λ4 〉+ |Λ6 〉 − |Λ7 〉 sl(3,R)
|Λ1 〉+ |Λ4 〉 − |Λ6 〉 − |Λ7 〉 su(1, 2)
|Λ1 〉+ |Λ4 〉+ |Σ6 〉 sl(3,R)
|Λ1 〉 − |Λ4 〉+ |Σ6 〉 su(1, 2)
4
-s
ta
te
|Λ1 〉+ |Λ8 〉 sl(3,R)
Table 15: The stabilizing algebras of the various orbits of the 14′ of Sp(6,R).
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as a peculiar property of the D = 4 case, the dyonic orbit can also be obtained as the
bound state |Λ1 〉 + |Λ8 〉, namely of the highest and lowest-weight vectors of the 14′ of
the U-duality symmetry sp(6,R). In this case there are no conjunction stabilizers, and the
common stabilizers, that generate sl(3,R), are listed in Table 14.
To conclude, we summarize in Table 15 the stabilizing algebras for the various bound
states of the 14′, as they have been realized and derived above. The results match the
ones reported in Table of VI of [46] (cfr. also Refs. therein).
In the next section we will repeat the same analysis for the N = 2 magic supergravity
theories in five and four dimensions that are based on the division algebra C (the same
analysis can easily be applied to the theories based on H and O; all these theories share
the property that the real form of their U-duality symmetry algebra is non-maximally
non-compact, i.e. non-split).
4 Magic N = 2 supergravities based on JC3 , JH3 and JO3
In this section we consider the orbits of the magic Maxwell-Einstein supergravity the-
ories based on rank-3 simple Jordan algebras constructed over the division algebras C, H
and O [26, 27], that were originally derived in [16, 43, 29, 46]. In the case of 1-charge
BHs, the orbits are those of the highest-weight vector of the representation, and in [71] it
was shown that the BH charges correspond to the real-weight vectors, where the reality
properties of roots and weights are deduced from the Tits-Satake diagram associated to
the global U-duality symmetry of the theory itself. Here, we will show that all extremal
BH orbits of these theories are those of bound states of such real-weight vectors. We
will consider in detail explicitly only the theory based on JC3 , corresponding to global
symmetries SU(3, 3) and SL(3,C) in four and five dimensions respectively, but the result
naturally applies also to the cases based on JH3 and J
O
3 (whose global symmetries in four
and five dimensions are SO∗(12) and SU∗(6), and E7(−25) and E6(−26), respectively).
In order to proceed, we first briefly review how the reality properties of the weights of
a representation result from the Tits-Satake diagram that characterizes a given real form
of a complex Lie algebra gC (for a detailed analysis, see e.g. [79, 80, 81]). As already
mentioned in Section 2, the Cartan involution θ characterizes the real form g in such a
way that the compact generators have eigenvalue +1 and the non-compact generators have
eigenvalue −1 under θ. In the case of the maximally non-compact (i.e. split) real form,
one can define the generators Eα − E−α to be compact and the Cartan generators Hα
and the generators Eα +E−α to be non-compact, so that the Cartan involution acts as in
eq. (2.2), which was used in the previous two sections. In general, classifying the real forms
of a given complex Lie algebra corresponds to classifying all possible Cartan involutions.
The action of θ on the Cartan generators induces a dual action on the roots as
θ(α(H)) = α(θ(H)) , (4.1)
and the basic idea that underlies the Tits-Satake diagrams is the fact that one can insert
in the Dynkin diagram the information of how the Cartan involution acts on the roots
themselves.
One can always define a basis of generators of g that are eigenvectors of the Cartan
involution θ. We call k the set of compact generators, that are those with eigenvalue +1,
and p the set of non-compact generators, which are those with eigenvalue −1. In the
adjoint representation one has
ad(θX) = −(adX)† , (4.2)
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so that for a compact generator, that is X ∈ k, adX is anti-Hermitian and thus has imagi-
nary eigenvalues, while for a non-compact generator, that is X ∈ p, adX is Hermitian and
thus has real eigenvalues. In particular, the non-zero eigenvalues of the Cartan matrices
in the adjoint adH are the roots α(H), implying that one can classify the roots in the
following way:
• a root is a real root if it takes real values, that is if it vanishes for H ∈ k;
• a root is an imaginary root if it takes imaginary values, that is if it vanishes for
H ∈ p;
• a root is a complex root if it takes complex values and hence if it does not vanish
for H ∈ k or H ∈ p.
From eq. (4.1) it then follows that for a real root one has θα = −α and for an imaginary
root one has θα = α. From the relation θHα = Hθα it also follows that
(θαk, αi) = (αk, θαi) (4.3)
for any pair of roots, where in general we denote with (αk, αi) the scalar product between
the roots that is induced by the Killing metric.
It is known that choosing a Cartan subalgebra that is maximally non-compact (i.e.
choosing a basis such that the largest possible number of Cartan generators are non-
compact), there are no non-compact generators associated to the imaginary roots. This
means that if θα = α, then this implies that θEα = Eα. Assuming that we have made this
choice, we define the Tits-Satake diagram of g using the following procedure. We split the
simple roots in those that are fixed under θ, that we denote with αImn (where the suffix
Im denotes the fact that such roots are imaginary), and the rest, that we denote with αi.
The action of θ on the simple roots αi is then:
θαi = −αpi(i) +
∑
n
ainα
Im
n , (4.4)
where π is an involutive (π2 = 1) permutation of the indices. The coefficients ain are
determined by imposing
(αi + αpi(i), α
Im
m ) =
∑
n
ain(α
Im
n , α
Im
m ) , (4.5)
which follows from eq. (4.3) and the fact that the simple roots αImn are invariant under θ.
The Tits-Satake diagram is then drawn from the corresponding Dynkin diagram with the
following additional rules:
complex 1-cycle (mod αIm roots)
imaginary (compact generator)
complex 2-cycle (mod αIm roots)
1. to each simple root αIm (imaginary simple
root) one associates a black painted node;
2. to each simple root αi such that π(i) = i one
associates an unpainted node;
3. for each two complex simple roots αi and αj
such that π(i) = j one draws an arrow joining
the corresponding unpainted nodes.
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The behavior of all other roots under θ clearly follows from the behavior of the simple
roots. This means that from the Tits-Satake diagram one knows how the Cartan involution
acts on all roots, and consequently how it acts on all the weights of any representation. In
the case in which π(i) = i and the node associated to the simple root αi is not connected
to any painted node in the Tits-Satake diagram, then clearly from eq. (4.5) it follows that
ain = 0 and thus θαi = −αi, which means that the root is real. In particular, in the case
of the split real form one has θα = −α on all roots, which implies that they are all real.
One can apply this construction to the U-duality symmetry Lie algebras of the N = 2
theories based on JC3 , J
H
3 and J
O
3 . In particular, the U-duality algebra for the N = 2
theory based on JC3 in five dimensions is sl(3,C), whose Tits-Satake diagram is drawn in
Figure 7. From the diagram, one reads that the action of the Cartan involution on the
α1 α2 α3 α4
Figure 7: The Tits-Satake diagram of the algebra sl(3,C).
simple roots is
θα1 = −α4 θα2 = −α3 , (4.6)
from which one derives the action
θEα1 = −E−α4 θEα2 = −E−α3 θHα1 = −Hα4 θHα2 = −Hα3 , (4.7)
on the corresponding simple-root generators. The BH (electric) charges of the D = 5
supergravity theory transform in the (3¯,3) representation, whose highest weight is
Λ1 =
1
3α1 +
2
3α2 +
2
3α3 +
1
3α4 , (4.8)
which is real because θΛ1 = −Λ1 as it can be easily seen using eq. (4.6). The representation
contains in total three real and six complex weights, and we will show that the BH U-
duality orbits can be derived as the orbits of bound states of the real weights. As we
will see, the conjunction stabilizers take two real weights to one pair of complex weights
connected by θ. If one relates real weights to long weights and pairs of complex weights
to short weights, this mimics precisely what happens to the bound states of long weights
in the 6 of sl(3,R), as we discussed in Section 3.
The analogy between the real and complex weights of the (3¯,3) of sl(3,C) and the long
and short weights of the 6 of sl(3,R) is actually not surprising. Indeed, given a real form
g, one can in general define the restricted-root subalgebra as the maximally non-compact
subalgebra that has as simple roots the restricted roots
αR =
1
2(α− θα) , (4.9)
where the α’s are simple roots of g. From eq. (4.6), it can be easily deduced that the
restricted-root subalgebra of sl(3,C) is sl(3,R), with simple roots
(αR)1 =
1
2(α2 + α3) (αR)2 =
1
2(α1 + α4) . (4.10)
Moreover, Λ1 in eq. (4.8) can be recast as the weight
4
3(αR)1+
2
3(αR)2, which is the highest
weight of the 6 of sl(3,R) as can be seen from eq. (3.1). More generally, the three real
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weights can be recast as the three long weights, while the complex weights are projected
onto the short weights of the 6.
As observed in [71], this result is completely general. In each space-time dimension, the
restricted-root subalgebra 14 of all the non-compact real forms of the U-duality Lie algebras
of the N = 2 Maxwell-Einstein theories based on JC3 , JH3 and JO3 is the same, and it is the
algebra of the theory based on JR3 in the same dimension. Moreover, the highest weight
of the representation of any p-brane charge of any theory becomes the highest weight of
the representation of the p-brane charge of the theory based on JR3 , written in terms of
the restricted roots. In each representation, the real long weights become the long weights
of the representation of the theory on JR3 , while all other weights are mapped onto short
weights. As we will see in detail in the rest of this section, this naturally implies that the
stratification of the orbits of the theories based on JC3 , J
H
3 and J
O
3 is the same as that of
the theory based on JR3 .
In the rest of this section we will show how all the orbits of the N = 2 Maxwell-
Einstein supergravity based on JC3 in D = 5 and 4 can be computed as orbits of bound
states of real-weight vectors. In subsection 4.1 we consider the electric BH orbits of the
D = 5 theory with symmetry SL(3,C) as orbits of bound states of real-weight vectors of
the irrep. (3,3). Then, in subsection 4.2 we perform the same detailed analysis for the
theory in D = 4, and compute the BH orbits as bound states of real-weight vectors of the
irrep. 20 of the U-duality group SU(3, 3). The same approach can be exploited in order
to analyze the D = 4 and D = 5 Maxwell-Einstein supergravities based on JH3 and J
O
3 .
α
1
α
2
α 4
α
3
α
1
α
2α 4 α
3
α
1
α
2
α 4
α
3
-1 0 -1 11 -1 0 -1
-1 0 1 01 -1 -1 10 1 0 -1
1 -1 1 00 1 -1 1
0 1 1 0
-1 0 0 -1
Λ1
Σ1 Σ2
Σ3
Σ5
Σ4
Λ3
Λ2
Σ6
Figure 8: The weights of the (3¯, 3) of sl(3,C).
14The projection on the restricted-root subalgebra is also named Tits-Satake projection (cfr. e.g. [82],
and Refs. therein).
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height |Λ1 〉 |Λ2 〉 |Λ3 〉 |Σ1 〉 |Σ2 〉
2
Eα1+α2
Eα3+α4
Eα1+α2
Eα3+α4
Eα1+α2
Eα3+α4
Eα1+α2
Eα3+α4
1
Eα1
Eα2
Eα3
Eα4
Eα1
Eα4
Eα2
Eα3
Eα1
Eα2
Eα4
Eα1
Eα3
Eα4
0
Hα1
Hα4
Hα2 −Hα3
Hα1 +Hα2
Hα3 +Hα4
Hα1 −Hα4
Hα2
Hα3
Hα1 −Hα4
Hα1
Hα2 +Hα3
Hα3 +Hα4
Hα4
Hα1 +Hα2
Hα2 +Hα3
−1 E−α1
E−α4
E−α2
E−α3
E−α1
E−α2
E−α3
E−α4
E−α1
E−α3
E−α2
E−α4
−2 E−α1−α2
E−α3−α4
E−α1−α2
E−α3−α4
E−α3−α4 E−α1−α2
Table 16: Stabilizers for the weight vectors of the (3¯, 3) of sl(3,C) that are used in the paper.
4.1 D = 5
The (electric) BH charges of the N = 2, D = 5 Maxwell-Einstein supergravity based
on JH3 (coupled to 8 vector multiplets) transform in the (3,3) of the U-duality group
SL(3,C). We draw in Figure 8 the Dynkin labels of the weights of such representation,
where the order of the simple roots is as in Figure 7. All the weights have the same length.
One can see by acting with the Cartan involution as in eq. (4.6) that there are three real
weights, that are called Λ1, Λ2 and Λ3 in the figure, while the other six weights, that we
call Σ’s, are complex.
Common |Λ1 〉+ |Λ2 〉 Conjunction |Λ1 〉 − |Λ2 〉 Conjunction
Eα1+α2 Eα2 − E−α3 Eα2 + E−α3
Eα3+α4 Eα3 − E−α2 Eα3 + E−α2
Eα1
Eα4
Hα1 −Hα4
Hα2 −Hα3
Table 17: The generators of the stabilizing algebras (su(2)⊕ so(2))⋉ R(2,2) and (sl(2,R)⊕ so(2))⋉ R(2,2)
of the bound states |Λ1 〉+ |Λ2 〉 and |Λ1 〉 − |Λ2 〉.
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|Σ1 〉+ |Σ2 〉 Stabilizers
Common Conjunction
Eα1+α2 Eα2 − Eα3
Eα3+α4 E−α2 − E−α3
Eα1
Eα4
Hα2 +Hα3
Hα1 −Hα3 −Hα4
Table 18: The generators of the (sl(2,R)⊕so(2))⋉R(2,2) stabilizing algebra of the bound state |Σ1 〉+|Σ2 〉,
real combination of two short weights of the (3¯,3) of sl(3,C).
4.1.1 1-charge orbit
We want to show that the BH orbits correspond to orbits of bound states involving
only real-weight vectors. In Table 16 we list the stabilizing generators for the three real-
weight vectors |Λ1 〉, |Λ2 〉, |Λ3 〉 and two of the complex-weight vectors, say |Σ1 〉 and |Σ2 〉
(without any loss of generality, we only consider these two complex weights because all
others are connected to these two by transformations in the algebra). From the table one
deduces that the stabilizing algebra of each real-weight vector is [sl(2,C)⊕ so(2)]⋉R(2,2),
yielding the highest-weight orbit corresponding to a 1-charge (i.e. rank-1 [78, 48]) BH
duality orbit, as expected.
4.1.2 2-charge orbits
Following our prescription, we now consider the 2-charge (i.e. rank-2 [78, 48]) orbits
as bound states of two real-weight vectors. We consider in particular the bound states
|Λ1 〉 + |Λ2 〉 and |Λ1 〉 − |Λ2 〉, and we list in Table 17 their stabilizers. From the table,
one deduces that the semisimple part of the stabilizing algebra is generated by Hα1−Hα4 ,
Hα2 − Hα3 , Eα2 − E−α3 and Eα3 − E−α2 in the |Λ1 〉 + |Λ2 〉 case, and by Hα1 − Hα4 ,
Common 2-conj. |Λ1 〉+ |Λ2 〉+ |Λ3 〉 |Λ1 〉+ |Λ2 〉 − |Λ3 〉
Hα1 −Hα4 Eα2 − E−α3 Eα2 − E−α3
Hα2 −Hα3 Λ
1
,Λ
2
Eα3 − E−α2 Eα3 − E−α2
Eα1 − E−α4 Eα1 + E−α4
Λ
2
,Λ
3
Eα4 − E−α1 Eα4 + E−α1
Eα1+α2 − E−α3−α4 Eα1+α2 + E−α3−α4
Λ
1
,Λ
3
Eα3+α4 − E−α1−α2 Eα3+α4 + E−α1−α2
Table 19: The stabilizers of the |Λ1 〉+|Λ2 〉+|Λ3 〉 and |Λ1 〉+|Λ2 〉−|Λ3 〉 bound states. The 2-conjunction
stabilizers connect the two weight vectors whose weight is listed in the second column, and annihilate the
third weight vector. The stabilizing algebra is su(3) for the |Λ1 〉+ |Λ2 〉+ |Λ3 〉 bound state, and su(1, 2)
for the |Λ1 〉+ |Λ2 〉 − |Λ3 〉 bound state.
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Common 2-conj. |Λ3 〉+ |Σ1 〉+ |Σ2 〉 |Λ1 〉 − (|Σ1 〉+ |Σ2 〉)
Hα2 +Hα3 Eα3 − E−α2 Eα3 − E−α2
Hα1 −Hα3 −Hα4 Σ
1
,Σ
2
E−α2 − E−α3 E−α2 − E−α3
Eα1+α2 − E−α4 Eα1+α2 + E−α4
Σ
1
,Λ
3
Eα4 − E−α1−α2 Eα4 + E−α1−α2
Eα1 − E−α3−α4 Eα1 + E−α3−α4
Σ
2
,Λ
3
Eα3+α4 − E−α1 Eα3+α4 + E−α1
Table 20: The generators of the su(1, 2) stabilizing algebra of the bound states |Λ3 〉 + |Σ1 〉 + |Σ2 〉 and
|Λ3 〉 − (|Σ1 〉 + |Σ2 〉). The 2-conjunction stabilizers connect the two weights in the second column and
annihilate the third weight.
Hα2 − Hα3 , Eα2 + E−α3 and Eα3 + E−α2 in the |Λ1 〉 − |Λ2 〉 case. From eq. (4.7), one
then obtains that in the first case all generators are compact, while in the second case
the generators Eα2 + E−α3 and Eα3 + E−α2 are non-compact. Taking into account also
the additional generators in Table 17, the resulting stabilizing algebras are respectively
[su(2) ⊕ so(2)] ⋉R(2,2) and [sl(2,R)⊕ so(2)]⋉R(2,2), which correspond to the two rank-2
orbits of the theory. From comparison with the literature [46], the former orbit is 1/2-BPS,
and the latter one is non-supersymmetric (non-BPS).
In the previous section, we have shown that in the N = 2, D = 5 Maxwell-Einstein
supergravity based on JR3 the splitting of the 2-charge configuration into two different rank-
2 orbits is due to the fact that the conjunction stabilizers connect two long-weight vectors
to the same short-weight vector. By looking at Table 17 and Figure 8, we notice that in
N = 2, D = 5 Maxwell-Einstein supergravity based on JC3 (and analogously for theories
based on JH3 and J
O
3 ) something very similar happens, namely the conjunction stabilizers
connect two real-weight vectors, say |Λ1 〉 and |Λ2 〉 to the complex-weight vectors |Σ1 〉
and |Σ2 〉. By projecting on the restricted-root algebra, both the complex weights Σ1
and Σ2 are projected on the same short weight of the 6 of sl(3,R). More generally, by
considering the action of the Cartan involution on the complex weights,
θΣ1 = −Σ2 θΣ3 = −Σ4 θΣ5 = −Σ6 , (4.11)
one can see that each of the three pairs of complex weights of the (3¯,3) of sl(3,C) connected
by θ is projected onto each of the three short weights of the 6 of sl(3,R).
In the previous section we have also shown that the rank-2 non-supersymmetric |Λ1 〉−
|Λ2 〉 orbit of N = 2, D = 5 Maxwell-Einstein supergravity based on JR3 can be obtained
as the orbit of a single short-weight vector. We now show that this naturally generalizes
to the magic theory based on JC3 (and analogously to the supergravities based on J
H
3
and JO3 ) as follows. The reality properties of the algebra imply that we must consider
real combinations of weights, because this corresponds to the physically meaningful real
electric charges of the extremal BH. We thus define the real state |Σ1 〉 + |Σ2 〉, and we
list in Table 18 the corresponding stabilizers. One finds that the stabilizing algebra is
(sl(2,R)⊕ so(2)) ⋉R(2,2), which is the same as that of |Λ1 〉 − |Λ2 〉, as expected.
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State Stabilizer
1-
s |Λ1 〉 (sl(2,C) ⊕ so(2)) ⋉R(2,2)
|Λ1 〉+ |Λ2 〉 (su(2)⊕ so(2)) ⋉R(2,2)
|Λ1 〉 − |Λ2 〉 (sl(2,R) ⊕ so(2)) ⋉R(2,2)2-
s
|Σ1 〉+ |Σ2 〉 (sl(2,R) ⊕ so(2)) ⋉R(2,2)
|Λ1 〉+ |Λ2 〉+ |Λ3 〉 su(3)
|Λ1 〉+ |Λ2 〉 − |Λ3 〉 sl(1, 2)
|Λ3 〉+ |Σ1 〉+ |Σ2 〉 sl(1, 2)
3-
s
|Λ1 〉 − (|Σ1 〉+ |Σ2 〉) sl(1, 2)
Table 21: Stabilizers in the (3¯,3) of sl(3,C).
4.1.3 3-charge orbits
We can now proceed to show that our prescription works for the case of the 3-charge
(i.e. rank-3 [78, 48]) “large” U-duality orbits. In Table 19 we list the stabilizers on the
|Λ1 〉+ |Λ2 〉+ |Λ3 〉 and |Λ1 〉+ |Λ2 〉 − |Λ3 〉 bound states. The reader can check that in
the first case all generators are compact, while in the second case there are four compact
and four non-compact generators, resulting in the algebras su(3) and su(1, 2), respectively.
From comparison with literature [43, 46], we recognize the first as the 1/2-BPS “large”
orbit and the second as the non-supersymmetric (non-BPS) “large” one. By trading a real
combination of two complex-weight vectors for the difference of two real-weight vectors, in
Table 20 we list the stabilizers of considered bound states |Λ3 〉 ± (|Σ1 〉+ |Σ2 〉), yielding
the algebra su(1, 2) which as expected corresponds to the non-supersymmetric 3-charge
“large” orbit.
We summarize the stabilizers of all the bound states in the (3¯,3) of sl(3,C) in Table 21,
matching the results reported in Table II of [46] (cfr. also Refs. therein).
In the next subsection we will perform the same analysis for the four-dimensional
theory, showing that again all extremal BH orbits are obtained as bound states of real
weights, thus providing a natural explanation for the splitting of the charge configurations
exactly as in all other cases analyzed above.
4.2 D = 4
The N = 2, D = 4 Maxwell-Einstein supergravity theory based on JC3 (coupled to 9
vector multiplets) has U-duality symmetry group SU(3, 3), and we draw in Figure 9 the
α1 α3 α4 α5α2
Figure 9: The Tits-Satake diagram of the algebra su(3, 3).
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Tits-Satake diagram of the corresponding Lie algebra su(3, 3). From the diagram, one
deduces that the Cartan involution acts on the simple roots as
θα1 = −α5 θα2 = −α4 θα3 = −α3 , (4.12)
which leads to the action
θEα1 = −E−α5 θEα2 = −E−α4 θEα3 = −E−α3
θHα1 = −Hα5 θHα2 = −Hα4 θHα3 = −Hα3 (4.13)
on the corresponding simple-root generators. From eq. (4.12) one obtains the restricted
roots
(α1)R =
1
2 (α1 + α5) (α2)R =
1
2(α2 + α4) (α3)R = α3 , (4.14)
which are nothing but the simple roots of the restricted-root algebra sp(6,R), namely the
U-duality Lie algebra of the N = 2, D = 4 Maxwell-Einstein supergravity theory based
on JR3 .
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Σ10
Σ11 Σ12
Figure 10: The weights of the 20 of su(3, 3).
The BH charges of the theory belong to the (rank-3 antisymmetric, self-dual) irrep. 20
of su(3, 3). We draw in Figure 10 the Dynkin labels of the weights of such representation,
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height |Λ1 〉 |Λ4 〉 |Λ6 〉 |Λ7 〉
5 Eα1+α2+α3+α4+α5 Eα1+α2+α3+α4+α5
4
Eα1+α2+α3+α4
Eα2+α3+α4+α5
Eα1+α2+α3+α4
Eα2+α3+α4+α5
Eα1+α2+α3+α4
Eα2+α3+α4+α5
3
Eα1+α2+α3
Eα2+α3+α4
Eα3+α4+α5
Eα1+α2+α3
Eα3+α4+α5
Eα2+α3+α4
Eα1+α2+α3
Eα3+α4+α5
2
Eα1+α2
Eα2+α3
Eα3+α4
Eα4+α5
Eα1+α2
Eα4+α5
Eα1+α2
Eα2+α3
Eα3+α4
Eα4+α5
Eα2+α3
Eα3+α4
1
Eα1
Eα2
Eα3
Eα4
Eα5
Eα1
Eα2
Eα4
Eα5
Eα2
Eα4
Eα1
Eα3
Eα5
0
Hα1
Hα2
Hα4
Hα5
Hα2
Hα4
Hα1 +Hα3
Hα3 +Hα5
Hα1 +Hα2
Hα2 +Hα3
Hα3 +Hα4
Hα4 +Hα5
Hα1
Hα5
Hα2 +Hα3
Hα3 +Hα4
−1
E−α1
E−α2
E−α4
E−α5
E−α2
E−α3
E−α4
E−α1
E−α3
E−α5
E−α1
E−α2
E−α4
E−α5
−2 E−α1−α2
E−α4−α5
E−α2−α3
E−α3−α4
E−α1−α2
E−α2−α3
E−α3−α4
E−α4−α5
E−α1−α2
E−α2−α3
E−α3−α4
E−α4−α5
−3
E−α1−α2−α3
E−α2−α3−α4
E−α3−α4−α5
E−α1−α2−α3
E−α3−α4−α5
E−α1−α2−α3
E−α2−α3−α4
E−α3−α4−α5
−4 E−α1−α2−α3−α4
E−α2−α3−α4−α5
E−α1−α2−α3−α4
E−α2−α3−α4−α5
E−α1−α2−α3−α4
E−α2−α3−α4−α5
−5 E−α1−α2−α3−α4−α5 E−α1−α2−α3−α4−α5
Table 22: Stabilizers of the real-weight vectors |Λ1 〉, |Λ4 〉, |Λ6 〉 and |Λ7 〉 in the 20 of su(3, 3).
and as usual we label with Λ’s the real weights and with Σ’s the complex ones. From the
figure one sees that there are eight real weights that, written in terms of the restricted
roots, become the long weights of the 14′ of sp(6,R). In particular, the highest weight is
Λ1 =
1
2α1 + α2 +
3
2α3 + α4 +
1
2α5 , (4.15)
which can be recast in terms of the restricted roots as Λ1 = (αR)1 + 2(αR)2 +
3
2(αR)3,
yielding the highest weight of the 14′ of sp(6,R), as it can be seen from eq. (3.2). There
are twelve complex roots, which form six pairs Σ2i−1,Σ2i, i = 1, ..., 6, where in each pair
the Cartan involution acts according to
θΣ2i−1 = −Σ2i . (4.16)
31
Common |Λ1 〉+ |Λ4 〉 Conjunction |Λ1 〉 − |Λ4 〉 Conjunction
Eα1+α2+α3+α4+α5 Eα2+α3+α4 − E−α3 Eα2+α3+α4 + E−α3
Eα1+α2+α3+α4 Eα2+α3+α4+α5 Eα3 − E−α2−α3−α4 Eα3 + E−α2−α3−α4
Eα1+α2+α3 Eα3+α4+α5 Eα2+α3 − E−α3−α4 Eα2+α3 + E−α3−α4
Eα1+α2 Eα4+α5 Eα3+α4 − E−α2−α3 Eα3+α4 + E−α2−α3
Eα1 Eα2 Eα4 Eα5
Hα2 Hα4 Hα1 −Hα5
E−α2 E−α4
Table 23: The stabilizers of the |Λ1 〉+ |Λ4 〉 and |Λ1 〉−|Λ4 〉 bound states, yielding the algebras [so(1, 4)⊕
so(2)] ⋉ (R× R(4,2)) and [so(2, 3)⊕ so(2)] ⋉ (R× R(4,2)), respectively.
The projected weights 12(Σ2i−1 +Σ2i) become the six short weights of the 14
′ of sp(6,R),
when written in terms of the restricted roots.
4.2.1 1-charge orbit
Following our prescription, we want to obtain the orbits of extremal BH solutions
by considering bound states of only real-weight vectors of the 20. From Figure 10, one
deduces that there are four real-weight vectors that are not connected by transformations
of the algebra; in the chosen labelling, these are given by |Λ1 〉, |Λ4 〉, |Λ6 〉 and |Λ7 〉.
Their stabilizers are listed in Table 22; by looking at each of its columns, one obtains that
the stabilizing algebra of each of the real-weight vectors is sl(3,C) ⋉ R9, as expected for
the highest-weight, 1-charge (i.e. rank-1 [78, 48]) U-duality orbit [46]. Considering for
example the |Λ1 〉 stabilizers, the semisimple part of the stabilizing algebra is generated
by E±(α1+α2), E±(α4+α5), E±α1 , E±α2 , E±α4 , E±α5 and the Cartan generators Hα1 , Hα2 ,
Hα4 and Hα5 , and from the action of the Cartan involution given in eq. (4.13) one indeed
obtains the real form sl(3,C).
Common 2-conj. |Λ1 〉+ |Λ4 〉+ |Λ6 〉 |Λ1 〉+ |Λ4 〉 − |Λ6 〉
Eα1+α2+α3+α4 Eα2+α3+α4 − E−α3 Eα2+α3+α4 − E−α3
Eα2+α3+α4+α5 Eα2+α3 − E−α3−α4 Eα2+α3 − E−α3−α4
Eα1+α2
Λ
1
,Λ
4
Eα3+α4 − E−α2−α3 Eα3+α4 − E−α2−α3
Eα4+α5 Eα1+α2+α3+α4+α5 − E−α3 Eα1+α2+α3+α4+α5 + E−α3
Eα2 Eα1+α2+α3 − E−α3−α4−α5 Eα1+α2+α3 + E−α3−α4−α5
Eα4
Λ
1
,Λ
6
Eα3+α4+α5 − E−α1−α2−α3 Eα3+α4+α5 + E−α1−α2−α3
Hα1 −Hα5 Eα2+α3+α4 − Eα1+α2+α3+α4+α5 Eα2+α3+α4 + Eα1+α2+α3+α4+α5
Hα2 −Hα4 Eα5 − E−α1 Eα5 + E−α1
Λ
4
,Λ
6
Eα1 − E−α5 Eα1 + E−α5
Table 24: The stabilizers of the |Λ1 〉+|Λ4 〉+|Λ6 〉 and |Λ1 〉+|Λ4 〉−|Λ6 〉 bound states. The 2-conjunction
stabilizers connect the two weight vectors whose weights are listed in the second column, and annihilate
the third weight vector. The stabilizing algebra is su(3)⋉R8 for the |Λ1 〉+ |Λ4 〉+ |Λ6 〉 bound state, and
su(1, 2)⋉ R8 for the |Λ1 〉+ |Λ2 〉 − |Λ3 〉 bound state.
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Common 2-c. |Λ1 〉+ |Λ4 〉+ |Λ6 〉+ |Λ7 〉 |Λ1 〉+ |Λ4 〉+ |Λ6 〉 − |Λ7 〉 |Λ1 〉+ |Λ4 〉 − |Λ6 〉 − |Λ7 〉
Hα2 −Hα4 Eα2+α3 − E−α3−α4 Eα2+α3 − E−α3−α4 Eα2+α3 −E−α3−α4
Hα1 −Hα5 Λ
1
,Λ
4
Eα3+α4 − E−α2−α3 Eα3+α4 − E−α2−α3 Eα3+α4 −E−α2−α3
F−α3 + F
−
α2+α3+α4 F
+
α3
− F+α2+α3+α4 F−α3 + F−α2+α3+α4
Eα1+α2+α3 − E−α3−α4−α5 Eα1+α2+α3 − E−α3−α4−α5 Eα1+α2+α3 +E−α3−α4−α5
Λ
1
,Λ
6
Eα3+α4+α5 − E−α1−α2−α3 Eα3+α4+α5 − E−α1−α2−α3 Eα3+α4+α5 +E−α1−α2−α3
F−α3 + F
−
α1+α2+α3+α4+α5 F
+
α3
− F+α1+α2+α3+α4+α5 F−α3 − F−α1+α2+α3+α4+α5
Eα1+α2+α3+α4 − E−α2−α3−α4−α5 Eα1+α2+α3+α4 + E−α2−α3−α4−α5 Eα1+α2+α3+α4 +E−α2−α3−α4−α5
Λ
1
,Λ
7
Eα2+α3+α4+α5 − E−α1−α2−α3−α4 Eα2+α3+α4+α5 + E−α1−α2−α3−α4 Eα2+α3+α4+α5 +E−α1−α2−α3−α4
F−α2+α3+α4 − F−α1+α2+α3+α4+α5 F+α2+α3+α4 − F+α1+α2+α3+α4+α5 F−α2+α3+α4 + F−α1+α2+α3+α4+α5
Eα1 − E−α5 Eα1 − E−α5 Eα1 +E−α5
Λ
4
,Λ
6
Eα5 − E−α1 Eα5 − E−α1 Eα5 +E−α1
F−α2+α3+α4 − F−α1+α2+α3+α4+α5 F+α2+α3+α4 − F+α1+α2+α3+α4+α5 F−α2+α3+α4 + F−α1+α2+α3+α4+α5
Eα1+α2 − E−α4−α5 Eα1+α2 + E−α4−α5 Eα1+α2 +E−α4−α5
Λ
4
,Λ
7
Eα4+α5 − E−α1−α2 Eα4+α5 + E−α1−α2 Eα4+α5 +E−α1−α2
F−α3 + F
−
α1+α2+α3+α4+α5 F
+
α3
− F+α1+α2+α3+α4+α5 F−α3 − F−α1+α2+α3+α4+α5
Eα2 − E−α4 Eα2 + E−α4 Eα2 −E−α4
Λ
6
,Λ
7
Eα4 − E−α2 Eα4 + E−α2 Eα4 −E−α2
F−α3 + F
−
α2+α3+α4 F
+
α3
− F+α2+α3+α4 F−α3 + F−α2+α3+α4
Table 25: The stabilizers of the 4-charge orbits of the 20 of su(3, 3). In the second column we list the
pair of states for which the operators in the first two lines of each row are 2-conjunction stabilizers. In
any column, there are only two independent generators among those in the third line of each row. The
stabilizing algebras are su(3)⊕ su(3), sl(3,C) and su(1, 2) ⊕ su(1, 2).
4.2.2 2-charge orbits
We now consider the “small” 2-charge (i.e. rank-2 [78, 48]) orbits as associated to the
bound states |Λ1 〉+|Λ4 〉 and |Λ1 〉−|Λ4 〉. We list in Table 23 the generators that stabilize
the two bound states. The semisimple part of the stabilizing algebra is generated by the
common stabilizers E±α2 , E±α4 , Hα2 , Hα4 andHα1−Hα5 , together with all the conjunction
stabilizers. From eq. (4.13), one deduces the action of the Cartan involution on all these
generators. In particular, Hα1−Hα5 is compact and generates so(2). The stabilizers E±α2 ,
E±α4 , Hα2 , Hα4 , Eα2+α3+α4 ± E−α3 and Eα3 ± E−α2−α3−α4 give four compact and four
non-compact generators, while the remaining two conjunction stabilizers are compact in
the |Λ1 〉 + |Λ4 〉 case and non-compact in the |Λ1 〉 − |Λ4 〉 case, so that one obtains the
ten generators of so(1, 4) ∼ usp (2, 2) and so(2, 3) ∼ sp (4,R)), respectively. Together with
the remaining stabilizers, this leads to the algebras [so(1, 4) ⊕ so(2)] ⋉ (R × R(4,2)) and
[so(2, 3)⊕ so(2)]⋉ (R×R(4,2)), which are the stabilizing algebras for the 1/2-BPS and the
non-supersymmetric 2-charge orbits of this theory [46].
4.2.3 3-charge orbits
We then move to the “small” 3-charge (i.e. rank-3 [78, 48]) orbits, corresponding to
the bound states |Λ1 〉 + |Λ4 〉 + |Λ6 〉 and |Λ1 〉 + |Λ4 〉 − |Λ6 〉. The stabilizers of the
bound states are listed in Table 24. In the third and fourth column of the table, we list
the conjunction stabilizers for two of the weight vectors (whose weights are given in the
second column) that annihilate the third. The semisimple part of the algebra is generated
by the two Cartan among the common stabilizers and by the conjunction stabilizers in
the second and third line of each row. One can check that in the |Λ1 〉 + |Λ4 〉 + |Λ6 〉
case all these generators are compact, while in the |Λ1 〉+ |Λ4 〉− |Λ6 〉 case there are four
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compact and four non-compact generators. Both in the third and fourth column, among
the three conjunction stabilizers in the first line of each row only two are independent. The
resulting stabilizing algebras are su(3)⋉R8 for the |Λ1 〉+ |Λ4 〉+ |Λ6 〉 bound state, and
su(1, 2)⋉R8 for the |Λ1 〉+ |Λ4 〉−|Λ6 〉 bound state. From comparison with the literature
[46], the former corresponds to the 1/2-BPS orbit, while the latter is non-supersymmetric
(non-BPS).
height |Σ11 〉 |Σ12 〉 |Λ8 〉
4 Eα2+α3+α4+α5 Eα1+α2+α3+α4
3
Eα1+α2+α3
Eα2+α3+α4
Eα3+α4+α5
Eα2+α3+α4
2
Eα1+α2
Eα2+α3
Eα3+α4
Eα4+α5
Eα1+α2
Eα4+α5
1
Eα2
Eα3
Eα5
Eα1
Eα3
Eα4
Eα1
Eα2
Eα4
Eα5
0
Hα3
Hα5
Hα1 +Hα2
Hα2 +Hα4
Hα1
Hα3
Hα2 +Hα4
Hα4 +Hα5
Hα1
Hα2
Hα4
Hα5
−1
E−α1
E−α3
E−α4
E−α5
E−α1
E−α2
E−α3
E−α5
E−α1
E−α2
E−α3
E−α4
E−α5
−2
E−α1−α2
E−α3−α4
E−α4−α5
E−α1−α2
E−α2−α3
E−α4−α5
E−α1−α2
E−α2−α3
E−α3−α4
E−α4−α5
−3
E−α1−α2−α3
E−α2−α3−α4
E−α3−α4−α5
E−α1−α2−α3
E−α2−α3−α4
E−α3−α4−α5
E−α1−α2−α3
E−α2−α3−α4
E−α3−α4−α5
−4 E−α1−α2−α3−α4
E−α2−α3−α4−α5
E−α1−α2−α3−α4
E−α2−α3−α4−α5
E−α1−α2−α3−α4
E−α2−α3−α4−α5
−5 E−α1−α2−α3−α4−α5 E−α1−α2−α3−α4−α5 E−α1−α2−α3−α4−α5
Table 26: The stabilizers of the complex-weight vectors |Σ11 〉, |Σ12 〉 and of the lowest-weight vector Λ8
of the 20 of su(3, 3).
4.2.4 4-charge orbits
Moving to the 4-charge (i.e. rank-4 [78, 48]) “large” orbits, the only common stabilizers
of the states |Λ1 〉, |Λ4 〉, |Λ6 〉 and |Λ7 〉 are the Cartan generators Hα2 −Hα4 and Hα1 −
Hα5 , which are both compact. Considering the pair |Λ1 〉, |Λ4 〉, only the third and fourth
conjunction stabilizers in the second column of Table 23 annihilate both |Λ6 〉 and |Λ7 〉,
34
|Λ1 〉+ |Λ8 〉 Stabilizers (Common)
Eα1+α2 Eα4+α5
Eα1 Eα2 Eα4 Eα5
Hα1 Hα2 Hα4 Hα5
E−α1 E−α2 E−α4 E−α5
E−α1−α2 E−α4−α5
Table 27: The stabilizers of the bound state |Λ1 〉+ |Λ8 〉, forming the algebra sl(3,C).
while the sum of the first two is a conjunction stabilizer for the pair |Λ6 〉, |Λ7 〉. Repeating
the same analysis for any other pair of weight vectors, one derives the generators that are
listed in Table 25. For each of the third, fourth and fifth column, only two of the generators
in the last line of each row are independent. It is easy to check the compactness of the
stabilizers, and one can show that they generate su(3)⊕su(3), sl(3,C) and su(1, 2)⊕su(1, 2).
By comparing with the literature [29, 46], the first case is the stabilizer of the “large”
time-like 1/2-BPS orbit, the second one is the stabilizer of the “large” space-like (dyonic)
non-supersymmetric (non-BPS) orbit, and the third one stabilizes the “large” time-like
non-supersymmetric (non-BPS) orbit.
Exactly as for the N = 2, D = 4 Maxwell-Einstein supergravity theory based on
JR3 treated in subsection 3.2, it can be checked that in the 4-charge dyonic orbit there
are both conjunction stabilizers on real and on complex-weight vectors, that change their
compactness with respect to the supersymmetric “large” orbit. Instead, the generators
that change their compactness in the non-supersymmetric (non-BPS) 4-charge |Λ1 〉 +
|Λ4 〉 − |Λ6 〉 − |Λ7 〉 orbit (compared the the supersymmetric one) are only conjunction
stabilizers on complex-weight vectors.
The analogy with the theory based on JR3 discussed in the previous section can be
further carried out. Indeed, one can show that the non-supersymmetric orbits can also be
derived as bound states involving real combinations of complex-weight vectors. Moreover,
the 4-charge dyonic orbit can also be derived as a bound state of the highest-weight vector
and the lowest-weight vector. In Table 26, we list the stabilizers of two independent
complex-weight vectors, that (without any loss of generality) we take to be |Σ11 〉 and
|Σ12 〉, and of the lowest-weight vector |Λ8 〉. By following the procedure established
in the treatment above, the stabilizers and their compactness in the various cases can
be determined, and it can be shown that the signature of the resulting real form of the
stabilizing algebra is consistent with the general interpretation that the sum |Σ11 〉+ |Σ12 〉
is equivalent to the difference of two real-weight vectors. As far as the |Λ1 〉+ |Λ8 〉 orbit
is concerned, we list in Table 27 its stabilizers, which form the algebra sl(3,C). As for the
same realization of the representative of the 4-charge dyonic non-supersymmetric space-
like orbit of the 14′ of sp(6,R), also in this case there are no conjunction stabilizers, but
only common stabilizers.
To summarize, we list in Table 28 the stabilizing algebras for the various bound states
of the 20 of su(3, 3) which have been realized above, also including the aforementioned
bound states involving real combinations of complex-weight vectors. The results match
the ones reported in Table VI of [46].
A completely analogous analysis, based on the projection to the restricted-root sub-
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States stabilizer
1-
s |Λ1 〉 sl(3,C)⋉R9
|Λ1 〉+ |Λ4 〉 [so(1, 4) ⊕ so(2)]⋉ (R× R(4,2))
|Λ1 〉 − |Λ4 〉 [so(2, 3) ⊕ so(2)]⋉ (R× R(4,2))2-
s
|Σ11 〉+ |Σ12 〉 [so(2, 3) ⊕ so(2)]⋉ (R× R(4,2))
|Λ1 〉+ |Λ4 〉+ |Λ6 〉 su(3)⋉R8
|Λ1 〉+ |Λ4 〉 − |Λ6 〉 su(1, 2) ⋉R8
|Λ1 〉+ |Σ11 〉+ |Σ12 〉 su(1, 2) ⋉R8
3-
s
|Λ1 〉 − (|Σ11 〉+ |Σ12 〉) su(1, 2) ⋉R8
|Λ1 〉+ |Λ4 〉+ |Λ6 〉+ |Λ7 〉 su(3) ⊕ su(3)
|Λ1 〉+ |Λ4 〉+ |Λ6 〉 − |Λ7 〉 sl(3,C)
|Λ1 〉+ |Λ4 〉 − |Λ6 〉 − |Λ7 〉 su(1, 2) ⊕ su(1, 2)
|Λ1 〉+ |Λ4 〉+ |Σ11 〉+ |Σ12 〉 sl(3,C)
|Λ1 〉+ |Λ4 〉 − (|Σ11 〉+ |Σ12 〉) sl(3,C)
|Λ1 〉 − |Λ4 〉+ |Σ11 〉+ |Σ12 〉 su(1, 2) ⊕ su(1, 2)
4-
s
|Λ1 〉+ |Λ8 〉 sl(3,C)
Table 28: Stabilizers of the different bound states in the 20 of su(3, 3).
algebra of the U-duality Lie algebra, can be performed for the other two magic theories,
based JH3 and J
O
3 , in D = 5 and D = 4. We leave it to the reader to verify that in all
cases the results that one obtains match what is already known in the literature.
5 N = 4 and N = 2 supergravities based on R⊕ Γm−1,n−1
In this section we consider the N = 4 and N = 2 supergravity theories based on the
infinite sequences of semisimple rank-3 Jordan algebras R⊕Γm−1,n−1, where Γm−1,n−1 is
the Clifford algebra of O(m− 1, n− 1) [83]. In the N = 4 case (corresponding to m = 6),
the five-dimensional theory coupled to n−1 vector multiplets contains n+4 vectors (where
5 of them belong to the gravity multiplet) transforming in the (4+ n) of SO(5, n−1) and
an additional vector (dual of the universal 2-form in the gravity multiplet) which is a
singlet of of SO(5, n − 1), together with 5(n − 1) + 1 real scalars parametrizing the coset
manifold R+ × SO(5, n − 1)/[SO(5) × SO(n − 1)]. The four-dimensional theory coupled
to n vector multiplets contains n + 6 vectors, that together with their magnetic duals
transform in the (6+ n,2) of SO(6, n)× SL(2,R), and 6n+ 2 real scalars parametrizing
the coset manifold SO(6, n)/[SO(6) × SO(n)] × SL(2,R)/SO(2). On the other hand, in
the N = 2 case (corresponding to m = 2), the five-dimensional theory coupled to n vector
multiplets contains n+1 vectors transforming in the 1⊕ n of SO(1, n−1), and n real scalars
parametrizing the coset manifold R+×SO(1, n−1)/SO(n−1), while the four-dimensional
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theory coupled to n+1 vector multiplets contains n+2 vectors,15 that together with their
magnetic duals transform in the (2+ n,2) of SO(2, n)×SL(2,R), and n+1 complex scalars
parametrizing the special Ka¨hler coset 16 SO(2, n)/[SO(2) × SO(n)]× SL(2,R)/SO(2).
A complete classification of all the extremal BH orbits of these theories can be found
in [45] and [46]. Here we want to show that the same results can be derived by using
the methods applied in the previous section for the magic supergravity theory based on
JC3 . We thus want to obtain the orbits from the stabilizers of suitable bound states of
real-weight vectors of the representation of the BH charge, where the reality properties
of the weights are derived from the Tits-Satake diagram that defines the real form of
(the semisimple part of) the symmetry algebra. In the first subsection, we will discuss
the five-dimensional case, while in the second subsection we will perform a more detailed
analysis in four dimensions for the particular case of the N = 2 theory coupled to 4 vector
multiplets.
5.1 D = 5
In both N = 4 and N = 2 theories, the BH charges are (Q,QM ), where M is a vector
index of either SO(5, n−1) or SO(1, n−1). The BH orbits are characterized by the cubic
expression QQMQM , which is an invariant of R
+ × SO(5, n− 1) or of R+ × SO(1, n− 1),
because Q has weight +2 and QM has weight −1 under R+ [46]. We want to determine
the stabilizing algebra of each orbit by considering bound states of suitably chosen weight
vectors. In particular, as far as the simple part of the symmetry algebra is concerned, we
have to consider bound states of real-weight vectors |Λi 〉, where the reality properties are
derived from the corresponding Tits-Satake diagram. Together with those, we can also
consider the state |Λ 〉, corresponding to the R+ charge Q.
In [71] it was shown that for an orthogonal algebra so(p, q) 17 the real-weight vectors
of the p+ q representation simply identify the light-like components of the charge QM .
Choosing p ≤ q, this means that there are 2p real weights in the representation, because
one can make a choice of basis such that there are 2p light-like directions. If p 6= 0,
the highest weight is always real, and we denote it with Λ+, where + ≡ x + t with x
and t two ‘space’ and ‘time’ directions of the vector representation of so(p, q). Under
transformations of the algebra, the only weight that cannot be reached from |Λ+ 〉 is the
lowest-weight vector |Λ− 〉, where − ≡ x− t. The outcome of this analysis is that we have
to consider bound states of |Λ 〉, |Λ+ 〉 and |Λ− 〉.
5.1.1 1-charge orbits
There are two different 1-charge orbits, corresponding to the weight vectors |Λ 〉 and
|Λ+ 〉. The stabilizing algebras are so(5, n − 1) and (so(1, 1) ⊕ so(4, n − 2)) ⋉ Rn+2 in
the N = 4 case, and so(1, n − 1) and (so(1, 1) ⊕ so(n − 2)) ⋉ Rn−2 in the N = 2 case.
Comparing with Table III and IV of [46], one recognizes these as the rank-1a and rank-1c
orbits of that paper. Both orbits are 1/2-BPS in both theories.
15Note that, in the D = 5 → 4 reduction, the D = 5 graviphoton becomes the Maxwell vector field of
the D = 4 axio-dilatonic vector multiplet, while the Kaluza-Klein vector becomes the D = 4 graviphoton.
16Actually, after [84], this is the unique example of non-irreducible (i.e., product) special Ka¨hler manifold.
17Without loss of generality we can take p+ q even, so that all the weights of the vector representation
have the same length.
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5.1.2 2-charge orbits
The independent 2-charge orbits correspond to the bound states |Λ 〉 + |Λ+ 〉, |Λ 〉 −
|Λ+ 〉, |Λ+ 〉+ |Λ− 〉 and |Λ+ 〉− |Λ− 〉. In the N = 4 case, the first two bound states have
the same stabilizing algebra so(4, n− 2)⋉Rn+2, while the third gives so(4, n− 1) and the
fourth gives so(5, n− 2). From [46], we recognize these as the rank-2c 1/4-BPS orbit, the
rank-2a 1/2-BPS orbit and the rank-2b non-supersymmetric orbit.
Similarly, in the N = 2 case the same bound states have the stabilizers so(n−2)⋉Rn−2,
so(n−1) and so(1, n−2). By comparing with Table IV of [46] one realizes that the first orbit
undergoes a further stratification in four different orbits 2c± and 2d±. From the analysis
of [45] (see also [46]), this corresponds to changing the sign of |Λ 〉, which is not visible in
our analysis. Two of these four orbits are 1/2-BPS and two are non-supersymmetric. Of
the remaining two orbits, again the first is the rank-2a 1/2-BPS orbit and the second is
the rank-2b non-supersymmetric orbit.
5.1.3 3-charge orbits
We now move to the 3-charge orbits. The independent bound states are |Λ 〉+ |Λ+ 〉+
|Λ− 〉, −|Λ 〉+ |Λ+ 〉+ |Λ− 〉 and |Λ 〉+ |Λ+ 〉−|Λ− 〉. In the N = 4 case, the first two give
the stabilizing algebra so(4, n − 1) and the third gives so(5, n − 2). By comparing with
Table III of [46] one can see that the first algebra gives the 1/4-BPS rank-3ab orbit 18 and
the second gives the non-supersymmetric rank-3b orbit. In the N = 2 case, the stabilizing
algebras become so(n − 1) and the third gives so(1, n − 2), and by comparing with Table
IV of [46] one realizes that the first stratifies into four different orbits (two 1/2-BPS and
two non-supersymmetric). As in the case of the 2-charge orbit, from the analysis of [45]
(see also [46]) this corresponds to flipping the sign of |Λ 〉, but this cannot be detected in
our analysis.
α2 α3α1
Figure 11: The Tits-Satake diagram of the algebra so(2, 4).
5.2 D = 4
The BHs of the four-dimensional N = 4 and N = 2 theories based on the infinite
sequences of semisimple rank-3 Jordan algebras R⊕Γ5,n−1 resp. R⊕Γ1,n−1 have electric
and magnetic charges QaM , where a is a doublet of SL(2,R) and M is a vector index
of SO(6, n) resp. SO(2, n). In the present investigation, we will analyze in detail the
particular case of the N = 2 theory with n = 4, in which case the charge is in the
representation (6,2) of the algebra 19 so(2, 4) ⊕ sl(2,R) ∼ su(2, 2) ⊕ sl(2,R). The Tits-
18From point 3 of Theorem 3 of [46], the 1/4-BPS rank-3ab orbit should better be called rank-3a orbit
in Table III therein.
The N = 4→ N = 2 splitting of orbits (for the infinite Jordan sequence in D = 5) is elucidated in Table
6 of [45] (which however, with respect to the Tables II and IV of [46], “unifies” the rank-3a+ and rank-3b−
orbits, as well as the rank-3a− and rank-3b+ orbits).
19The motivation for choosing this algebra is simply that this is the smallest non-split relevant algebra,
which then allows to exploit all techniques for the slightly more involved case of non-split U-duality algebras,
already applied to the theories based on JC3 in the treatment above. In fact, the smaller cases n = 1 (ST
2
model), n = 2 (STU model) and n = 3 all exhibit split U-duality algebras.
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height |Λ+1 〉 |Λ−2 〉 |Λ−3 〉 |Λ+4 〉
3 Eα1+α2+α3 Eα1+α2+α3
2 Eα1+α2 Eα2+α3 Eα1+α2 Eα2+α3 Eα1+α2 Eα2+α3
1 Eα1 Eα2 Eα3 Eβ Eα1 Eα3 Eα2 Eα1 Eα3 Eβ
0 Hα1 Hα3 Hα2 −Hβ Hα1 +Hα2 Hα3 +Hα2 Hα2 −Hβ Hα1 +Hα2 Hα3 +Hα2 Hα2 +Hβ Hα1 Hα3 Hα2 +Hβ
−1 E−α1 E−α3 E−α2 E−β E−α1 E−α3 E−β E−α1 E−α2 E−α3
−2 E−α1−α2 E−α2−α3 E−α1−α2 E−α2−α3 E−α1−α2 E−α2−α3
−3 E−α1−α2−α3 E−α1−α2−α3
Table 29: The stabilizers of the weight vectors of the (6, 2) of so(2, 4)⊕ sl(2,R) that are used in the paper.
Satake diagram of so(2, 4) is drawn in Figure 11. Moreover, we denote with β the positive
root of sl(2,R). From the diagram, and observing that sl(2,R) is split, one obtains the
action of the Cartan involution on the roots
θα1 = −α3 θα2 = −α2 θβ = −β . (5.1)
The highest weight of the (6,2) is the weight Λ+1 =
1
2α1+α2+
1
2α3+
1
2β, which is real.
We draw in Figure 12 all the weights of the representation, denoting with Λ those that are
real and with Σ those that are complex. One gets in total eight real weights, four for each
component of the sl(2,R) doublet. This is precisely what we expect from the analysis of
[71] that we used in the previous subsection, that shows that for vector representations of
orthogonal algebras the real-weight vectors correspond to components with indices along
the light-like directions. Indeed, given a vector of so(2, 4), one can choose four light-like
and two space-like directions, and the light-like directions are associated to the real weights
(while the two complex weights are associated to the two space-like directions).
α
1
α
2
α 3
Λ+1
α
1
α
2
α 3
Σ+1 Σ
+
2
Λ+2
Λ+3
Λ+4
α
1
α
2
α 3
Λ−1
α
1
α
2
α 3
Σ−1 Σ
−
2
Λ−2
Λ−3
Λ−4
β
β
β β
β
β
Figure 12: The weights of the (6, 2) of so(2, 4)⊕ sl(2,R).
39
Common |Λ+1 〉+ |Λ−2 〉 Conjunction |Λ+1 〉 − |Λ−2 〉 Conjunction
Eα1+α2+α3 Eα2 − E−β Eα2 + E−β
Eα1+α2 Eβ −E−α2 Eβ + E−α2
Eα2+α3
Eα1
Eα3
Hα1 −Hα3
Hα2 −Hβ
Table 30: The stabilizers of the bound states |Λ+1 〉+ |Λ
−
2 〉 and |Λ
+
1 〉− |Λ
−
2 〉. In both cases the stabilizing
algebra is [so(2, 1) ⋉ R]⊕ [so(2)⋉ (R2 ⊕ R2)].
5.2.1 1-charge orbit
We want to construct the relevant representatives of the duality orbits of multi-charge
BH solutions as bound states of independent real-weight vectors. In particular, we choose
the real-weight vectors
|Λ+1 〉 |Λ−2 〉 |Λ−3 〉 |Λ+4 〉 . (5.2)
We list in Table 29 the generators that stabilize each of these weight vectors. In all cases,
we get the stabilizing algebra [so(1, 1)⊕so(1, 3)]⋉(R×R4), resulting in the rank-1 1/2-BPS
orbit of [46] (set n = 4 in Table VIII therein).
5.2.2 2-charge orbits
There are four different 2-charge bound states that one can construct, that in terms of
the real-weight vectors in eq. (5.2) can be written as
|Λ+1 〉+ |Λ−2 〉 |Λ+1 〉 − |Λ−2 〉 |Λ+1 〉+ |Λ+4 〉 |Λ+1 〉 − |Λ+4 〉. (5.3)
The stabilizers of all these bound states are listed in Table 30 and Table 31. From such
tables, one deduces that the stabilizing algebra is [so(2, 1) ⋉ R] ⊕ [so(2) ⋉ (R2 ⊕ R2)] for
the |Λ+1 〉+ |Λ−2 〉 and |Λ+1 〉− |Λ−2 〉 bound states, while it is so(1, 4)⊕R for |Λ+1 〉+ |Λ+4 〉
Common |Λ+1 〉+ |Λ+4 〉 Conjunction |Λ+1 〉 − |Λ+4 〉 Conjunction
Eα1 Eα1+α2 − E−α2−α3 Eα1+α2 + E−α2−α3
Eα3 Eα2+α3 − E−α1−α2 Eα2+α3 + E−α1−α2
Eβ Eα1+α2+α3 + E−α2 Eα1+α2+α3 − E−α2
Hα1 Eα2 + E−α1−α2−α3 Eα2 − E−α1−α2−α3
Hα3
E−α1
E−α3
Table 31: The stabilizers of the |Λ+1 〉 + |Λ
+
4 〉 and |Λ
+
1 〉 − |Λ
+
4 〉 bound states. The stabilizing algebra is
so(1, 4)⊕ R in the first case and so(2, 3)⊕ R in the second.
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Common 2-conj. |Λ+1 〉+ |Λ−2 〉+ |Λ+4 〉 |Λ+1 〉 − |Λ−2 〉+ |Λ+4 〉 |Λ+1 〉+ |Λ−2 〉 − |Λ+4 〉
Eα1 Λ
+
1 ,Λ
−
2 Eβ − E−α2 Eβ + E−α2 Eβ − E−α2
Eα3 Eα1+α2 − E−α2−α3 Eα1+α2 − E−α2−α3 Eα1+α2 + E−α2−α3
Hα1 −Hα3 Λ+1 ,Λ+4 Eα2+α3 − E−α1−α2 Eα2+α3 − E−α1−α2 Eα2+α3 + E−α1−α2
Eα1+α2+α3 + E−α2 Eα1+α2+α3 + E−α2 Eα1+α2+α3 − E−α2
Λ−2 ,Λ
+
4 Eα1+α2+α3 + Eβ Eα1+α2+α3 − Eβ Eα1+α2+α3 − Eβ
Table 32: The stabilizers of the bound states |Λ+1 〉 + |Λ
−
2 〉 + |Λ
+
4 〉, |Λ
+
1 〉 − |Λ
−
2 〉 + |Λ
+
4 〉 and |Λ
+
1 〉 +
|Λ−2 〉 − |Λ
+
4 〉. The generators in the third, fourth and fifth column are 2-conjunction stabilizers for the
weight vectors whose weights are listed in the second column. The stabilizing algebra is (so(3)⋉ R3)× R
in the fist two cases, and (so(1, 2)⋉ R3)× R in the last case.
and so(2, 3) ⊕ R for |Λ+1 〉 − |Λ+4 〉. In particular, the real form of the semisimple part of
the stabilizing algebra can be easily determined from the Cartan involution in eq. (5.1).
By comparing with Table VIII of [46], one gets that the |Λ+1 〉+ |Λ−2 〉 and |Λ+1 〉 − |Λ−2 〉
bound states correspond to the rank-2c+ and rank-2c− orbits, where the first is 1/2-BPS
and the second in non-supersymmetric, while |Λ+1 〉 + |Λ+4 〉 gives the 1/2-BPS rank-2b
orbit and |Λ+1 〉 − |Λ+4 〉 gives the non-supersymmetric rank-2a orbit.
5.2.3 3-charge orbit
There are three different 3-charge bound states that can be constructed, that we choose
to be
|Λ+1 〉+ |Λ−2 〉+ |Λ+4 〉 |Λ+1 〉 − |Λ−2 〉+ |Λ+4 〉 |Λ+1 〉+ |Λ−2 〉 − |Λ+4 〉 . (5.4)
The corresponding stabilizers are listed in Table 32. The stabilizing algebra is (so(3) ⋉
R
3)×R for the fist two bound states, and (so(1, 2)⋉R3)×R for the last bound state. In
the notation of [46], the first two cases correspond to the rank-3a+ and 3a− orbits, where
the first is 1/2-BPS and the second in non-supersymmetric, while the last corresponds to
the rank-3b non-supersymmetric orbit.
Common 2-conj. |Λ+1 〉+|Λ−2 〉+|Λ−3 〉+|Λ+4 〉 |Λ+1 〉−|Λ−2 〉+|Λ−3 〉+|Λ+4 〉 |Λ+1 〉−|Λ−2 〉−|Λ−3 〉+|Λ+4 〉 |Λ+1 〉−|Λ−2 〉+|Λ−3 〉−|Λ+4 〉
Hα1 −Hα3 Λ+1 ,Λ−2 F−α2 + F−β F+α2 + F+β F−α2 − F−β F−α2 − F−β
Λ+1 ,Λ
−
3 F
−
α1+α2+α3 + F
−
β F
+
α1+α2+α3 − F+β F−α1+α2+α3 − F−β F−α1+α2+α3 + F−β
F−α1+α2+α3 − F−α2 F+α1+α2+α3 + F+α2 F−α1+α2+α3 − F−α2 F−α1+α2+α3 + F−α2
Λ+1 ,Λ
+
4 Eα1+α2 − E−α2−α3 Eα1+α2 − E−α2−α3 Eα1+α2 − E−α2−α3 Eα1+α2 + E−α2−α3
Eα2+α3 − E−α1−α2 Eα2+α3 − E−α1−α2 Eα2+α3 − E−α1−α2 Eα2+α3 + E−α1−α2
F−α1+α2+α3 − F−α2 F+α1+α2+α3 + F+α2 F−α1+α2+α3 − F−α2 F−α1+α2+α3 + F−α2
Λ−2 ,Λ
−
3 Eα1 − E−α3 Eα1 + E−α3 Eα1 − E−α3 Eα1 + E−α3
Eα3 − E−α1 Eα3 + E−α1 Eα3 − E−α1 Eα3 + E−α1
Λ−2 ,Λ
+
4 F
−
α1+α2+α3 + F
−
β F
+
α1+α2+α3 − F+β F−α1+α2+α3 − F−β F−α1+α2+α3 + F−β
Λ−3 ,Λ
+
4 F
−
α2
+ F−β F
+
α2
+ F+β F
−
α2
− F−β F−α2 − F−β
Table 33: The stabilizers of the 4-charge orbits of the (6,2) of so(2, 4)⊕ sl(2,R). In the second column we
list the pair of states for which the corresponding operators are 2-conjunction stabilizers. In any column,
there are only two independent generators among those in the first line of each row. The stabilizing algebras
are so(2)⊕ so(4) in the first and third case, so(1, 1)⊕ so(1, 3) in the second case, and so(2)⊕ so(2, 2) in the
fourth case.
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5.2.4 4-charge orbits
We finally consider the 4-charge orbits. There are four possible bound states, namely
|Λ+1 〉+|Λ−2 〉+|Λ−3 〉+|Λ+4 〉 |Λ+1 〉−|Λ−2 〉+|Λ−3 〉+|Λ+4 〉
|Λ+1 〉−|Λ−2 〉−|Λ−3 〉+|Λ+4 〉 |Λ+1 〉−|Λ−2 〉+|Λ−3 〉−|Λ+4 〉 . (5.5)
The procedure to determine the stabilizing algebra is analogous to the one used for the
4-charge orbits in the previous two sections: for each pair of weight vectors, we combine
their 2-conjunction stabilizers in order to obtain a generator that is also a stabilizer for
the other pair. On top of this, one has to consider the common stabilizer, which is
the compact Cartan generator Hα1 − Hα3 . The final result is listed in Table 33. One
can see from this table that the stabilizing algebra for the first and third bound states
is the compact algebra so(2) ⊕ so(4), while one gets so(1, 1) ⊕ so(1, 3) for the second
bound state, and so(2) ⊕ so(2, 2) for the fourth. In the notation of [46], the first and
the third bound states correspond to the rank-4a+ and 4a− orbits (where the first is
1/2-BPS and the second is non-supersymmetric), the second bound state corresponds to
the rank-4c non-supersymmetric dyonic orbit and the fourth bound state corresponds to
the rank-4b non-supersymmetric orbit. As in the other 4-charge orbits discussed in the
previous sections, the dyonic orbit is special because among the generators that become
non-compact compared to the supersymmetric orbit, there are some that are conjunction
stabilizers connecting real-weight vectors to real-weight vectors.
This completes the analysis of the orbits of the N = 2, D = 4 theory coupled to 4
vector multiplets and based on R⊕Γ1,3. The above procedure can be applied to any other
case, reproducing the correct result also for the N = 4, D = 4 sequence (cfr. Tables VII
and VIII of [46]).
6 Central charges and defect branes
In [85, 86, 87] it was shown that in the maximal supergravity theories the “non-
standard” branes (branes with two or less transverse directions), whose representations
contain weights of different length [68], always have degenerate BPS conditions. The stan-
dard branes instead always belong to representations whose weights have all the same
length, and there is a one-to-one relation between the charge of these branes and the cor-
responding central charge in the supersymmetry algebra. This in particular implies that
in the maximal theory a black hole which is a bound state preserves less supersymmetry
than its constituents [18, 16, 28].
The group-theoretical properties of standard branes of the symmetric N = 2 theories
considered in previous sections resemble those of the non-standard branes of the maximal
theories. As we have discussed at length, these branes belong to representations that
contain either short (in the case of JR3 ) or complex weights (in the case of J
C
3 , J
H
3 and
JO3 ), and the complex weights are projected onto the short weights of the restricted-root
algebra, which is the algebra of the theory based on JR3 , by means of the Tits-Satake
projection [71]. Moreover, the 1/2-BPS branes always have a degenerate BPS condition
[71], which implies that a bound state of degenerate 1/2-BPS branes can still be 1/2-BPS.
In particular, in five dimensions The R-symmetry is USp(2) ≡ SU(2) and the scalar central
charge is a singlet, which means that any supersymmetric bound state must preserve the
same amount of supersymmetry, i.e. it has to be 1/2-BPS, as originally shown in [16]. A
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Charge BPS
1
-s
ta
te
Q1
2 1/2
Q1
2 +Q2
1 1/2
Q1
2 +Q2
3 1/2
2
-s
ta
te
Q1
2 +Q3
4 1/4
Q1
2 +Q2
3 +Q3
1 1/2
Q1
2 +Q2
3 +Q3
4 1/4
Q1
2 +Q2
3 +Q4
5 1/4
3
-s
ta
te
Q1
2 +Q2
1 +Q3
4 1/4
Q1
2 +Q2
3 +Q3
4 +Q4
5 1/4
Q1
2 +Q2
3 +Q3
4 +Q4
1 1/4
Q1
2 +Q2
3 +Q3
1 +Q4
5 1/4
Q1
2 +Q2
1 +Q3
4 +Q4
3 1/4
4
-s
ta
te
Q1
2 +Q2
1 +Q3
4 +Q4
5 1/4
Q1
2 +Q2
3 +Q3
4 +Q4
5 +Q5
1 1/4
5
-s
ta
te
Q1
2 +Q2
1 +Q3
4 +Q4
5 +Q5
3 1/4
Table 34: The different bound states of 4-branes in maximal supergravity in D = 7 and the amount of
supersymmetry that in each case we conjecture to be preserved.
similar argument applies to the four-dimensional case, where the R-symmetry is U(2) and
there are two singlet central charges.
The BPS degeneracy of non-standard branes in the maximal case was used in [68] to
compute the orbits of their bound states and to determine the supersymmetry that these
bound states preserve in some examples. In this section we want to further comment in
this direction, following the group-theory analogy between these branes and the standard
branes of the N = 2 theories. We will focus in particular on defect branes, i.e. branes
of codimension 2. In the ten-dimensional IIB theory there are two such branes, namely
the D7-brane and its S-dual, and they preserve the same supersymmetry, so that one can
construct a bound state which is still 1/2-BPS. It is important to recall that these solutions
are not asymptotically flat, and their (quantized) charge is given by the monodromy, which
determines how the scalars transform under G(Z) (which is the U-duality symmetry of the
full quantum theory) when going around the brane in transverse space. We refer to [88]
for a careful discussion on these issues.
The single 1/2-BPS defect branes of the maximal theories were classified in [86]. The
charges belong to the adjoint of the duality symmetry group, and the single 1/2-BPS
branes correspond to the root vectors (the roots are obviously the long weights of the
adjoint representation). The BPS condition of these branes always has degeneracy two
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[86]. We can consider as an example the 4-branes of the seven-dimensional maximal
theory, whose global symmetry group is SL(5,R). We denote the 4-brane charges in
the 24 as QM
N , where M and N are indices of the fundamental and antifundamental of
SL(5,R) respectively. There are twenty 1/2-BPS branes, corresponding to the components
with M 6= N . The R-symmetry is SO(5), and the 4-brane central charge belongs to
the 10, which implies a degeneracy two for each central charge as already anticipated.
In particular, the charges QM
N and QN
M correspond to branes preserving the same
supersymmetry.
We can identify the different bound states in terms of their charge components precisely
as we did in the previous sections. Identifying with Q1
2 the charge corresponding to the
highest weight, the charges that are disconnected from it are QM
N with M 6= 1 and
N 6= 2. One finds that there are three different types of rank-2 orbits, and we can choose
their representatives to be Q1
2 + Q2
1, Q1
2 + Q2
3 and Q1
2 + Q3
4 respectively. In terms
of the R-symmetry SO(5), we conjecture that only the rank-2 bound states with indices
all different are 1/4-BPS, while the other bound states preserve the same supersymmetry
as the rank-1 state. This is motivated by the fact that only if the indices are all different
one obtains a quantity ǫABCDEZABZCD which is non-vanishing, where ZAB is the central
charge and the indices A,B, ... are vector indices of the R-symmetry SO(5).
We list in Table 34 all the a-priori different bound states that one obtains, together
with the conjectured supersymmetry that they preserve according to our criterion. A test
of the validity of these conjectures, as well as a careful analysis of the orbits corresponding
to the different bound states in Table 34, is beyond the scope of this paper. Recently, in
[76] a detailed analysis of the supersymetric solutions of maximal supergravity in three
dimensions has been performed. These solutions correspond to 0-branes, which are defect
branes in three dimensions. In that analysis, the classification of the solutions in terms
of nilpotent orbits plays a crucial role. Although our results are too preliminary to allow
any detailed comparison, it would be interesting to analyze the representatives of the
supersymmetric orbits in Table 2 of [76] in relation with the bound states of root vectors
of E8(8) that one can construct using our method. We hope to report in this direction in
the near future.
Finally, we can comment of the possibility of extending this analysis to the defect branes
of the symmetric N = 2 theories discussed in previous sections. In five dimensions, these
theories do not contain any single 1/2-BPS 3-brane, and it would thus be crucial to analyze
whether supersymmetric 3-brane solutions can be constructed at all, in order to test the
validity of our conjectures. In four dimensions the situation is more complicated because in
general the adjoint representation contains long (or real) roots, short (or complex) roots
and Cartan generators. This means that the representation contains weights of three
different lengths, and therefore a more careful analysis is required.
7 Conclusions
In this paper we have shown that the analysis performed in [28] to compute the duality
orbits of BHs in maximal supergravities can be extended at least to all the N = 2 Maxwell-
Einstein supergravity theories with symmetric scalar manifolds in D = 4 and D = 5, and
based on rank-3 simple and semisimple Jordan algebras. A crucial ingredient was the
conjecture made in [71] that the charge of any single 1/2-BPS p-brane in such theories
corresponds to a real-long-weight vector, where the reality properties of the weights are
determined by the Tits-Satake diagram that identifies the real form of the Lie algebra of
the duality symmetry. Focusing on asymptotically-flat branes in D = 5 and D = 4, we
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have first considered in detail the magic supergravity theories based JR3 and J
C
3 . In the J
R
3
case the symmetry algebras are split, and therefore all the weights are real. The relevant
representations contain weights of two different lengths, and we have shown that all the
orbits can be computed as bound states of long-weight vectors. In the JC3 case, instead,
all the weights have the same length, but the algebras are not split and hence some of the
weights are not real. We have shown that the various BH orbits correspond to different
bound states of real-weight vectors. We have then shown how it is straightforward to
extend the analysis to the N = 4 and N = 2 theories based on infinite sequences of rank-3
semisimple Jordan algebras. The fact that all our computations correctly reproduce the
results known in the literature can be considered as a proof that the conjecture made in
[71] is correct.
In general, a crucial feature of the theories considered in this paper is the fact that
all the BH solutions whose relevant orbit representative has more than one charge (i.e.,
it is of rank > 1 [78, 48]) split into different duality orbits, preserving different amount of
supersymmetry. We have shown that this stratification can essentially be traced back to
the aforementioned structure of the weights of the representations. In particular, in the
JR3 case, this is due to the presence of short weights, while in the J
C
3 case it is due to the
presence of complex weights. Indeed, it is the compactness of the so-called conjunction
stabilizers on such weights that flips by changing the relative sign of the charges in the
bound state. The theories based on JC3 , J
H
3 and J
O
3 all share the feature that by projecting
the roots of the corresponding Lie algebras on their real part by means of the Cartan
involution one always obtains the roots of the Lie algebras of the theories based on JR3 .
Moreover, under the same projection the representations of all the brane charges are such
that the real weights are fixed and become the long weights of the representations of the
JR3 theories, while the complex weights are mapped to the short weights [71]. This explains
why the stratification of the orbits is exactly the same in all the magic theories. In the
maximal theories, the duality symmetries are always split, and the BH charges belong to
representations whose weights all have the same length, which is the reason why the same
stratification does not occur in that case.
A special attention should be paid to the 4-charge orbits in four dimensions. In the
N = 2 magic theories, the rank-4 solutions stratify into the 1/2-BPS time-like orbit, the
non-BPS space-like dyonic orbit and the non-BPS time-like orbit. We have shown that
all these orbits correspond to bound states of the same four long-weight or real-weight
vectors. The stabilizers that become non-compact in the non-BPS time-like orbit with
respect to the 1/2-BPS case are conjunction stabilizers on short-weight or complex-weight
vectors, and again this explains why this orbit does not exist in the maximal case. On
the other hand, the stabilizers that become non-compact in the non-BPS space-like dyonic
orbit with respect to the 1/2-BPS case are conjunction stabilizers on both short-weight
and long-weight vectors (for the theory based on JR3 ), or both complex-weight and real-
weight vectors (for the other theories). This is the reason why this orbit exists also in the
maximal theory.
The charges of the defect branes of the maximal supergravity theories share with the
charges of the black holes of the theory based on JR3 the property that their representation
contain weights of different length. This led us also to conjecture that our method should
be applied to classify the different bound states of such defect branes and the amount of
supersymmetry that they preserve. It would be interesting to compare our results to those
of [76] and also to generalize them to the case of theories with less supersymmetry, and
in particular to the N = 2 theories considered in this paper. We leave this as an open
problem.
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The powerful method used to analyze and derive the structure of the stratification of a
representation space of a given Lie algebra, used in [28] and exploited in the present paper,
can be applied to a variety of frameworks. For instance, our analysis could be extended also
to those Maxwell-Einstein supergravity theories which have symmetric scalar manifolds
but are not related to rank-3 Jordan algebras, such as N = 2 minimally coupled, N = 3
and N = 5 theories in D = 4, and the so-called non-Jordan symmetric sequence in D = 5.
Furthermore, it would be straightforward to apply the above method to analyze the orbits
of dyonic black strings (as well as of electric black holes and magnetic black 2-branes)
in D = 6, both chiral and non-chiral,20 theories. Moreover, it would be interesting to
consider non-supersymmetric Maxwell-Einstein theories in D = 4, 5, 6 dimensions, based
on the rank-3 simple Jordan algebras JCs3 and J
Hs
3 over the split complex numbers Cs and
the split quaternions Hs. These theories have a split U-duality algebra [89, 90, 91], and
they would share the same structure of stratification as maximal supergravity (which is
based on the rank-3 simple Jordan algebra JOs3 over the split complex numbers Os).
The analysis presented in this work may also turn to be useful to analyze and gain
insights in the structure of duality orbits of multi-centered extremal black p-branes in
supergravity, for example of two-centered extremal black holes in D = 4 Maxwell-Einstein
theories. Some results on the stabilizing subalgebras of such orbits have been derived in
literature [92, 93, 94, 95, 96, 97] (see also [98]), but they only concern “generic” orbits.
Another framework in which the approach of this paper could be exploited is pro-
vided by flux compactifications. For instance, it may be applied to the determination of
the stratification of the representation space of non-geometric fluxes, along the lines and
motivations e.g. of [99].
Finally, it would be interesting to study the orbit structure pertaining to the recently
introduced “Born-Infeld attractors” in the context of new types of U(1)n Born-Infeld
actions based on rigid N = 2 special geometry in four dimensions [100, 101].
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A Short weights and F±α stabilizers
The analysis developed in Section 3 for split Lie algebras shows a variety of brane bound
states richer than the ones found in the maximal theory [28]. This variety, that yields
a stratification of the corresponding representation space into orbits, characterized by
different compactness of the semisimple part of their stabilizing subalgebra, can ultimately
be tracked back to algebraic properties of the representations we have analyzed (namely,
the 6 of sl(3,R) in D = 5 and the 14′ of sp(6,R) in D = 4). As we have outlined in
Section 3, the only generators able to modify the compactness of the stabilizing algebra
are the F±α ’s. On the other hand, the aforementioned U-duality representations of BHs in
the magic N = 2 supergravity based on JR3 differ from the maximal theory ones (namely,
27 of e6(6) in D = 5 and 56 of e7(7) in D = 4) for the presence of weights of different
lengths.
20Various results on duality orbits in D = 6 were derived in [18, 28, 43, 44, 4].
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In this appendix, we aim at making the link between the presence of short weights
and orbit stratification explicit. This link essentially resides in the relation between short
weights and F±α stabilizers, realizing the statement that if the bound state of two long-
weight vectors of a representation, say |Λ1 〉, |Λ2 〉, is stabilized by an operator like F±α ,
assuming that
Eα|Λ1 〉 = |Σ 〉
E−α|Λ1 〉 = 0
Eα|Λ2 〉 = 0
E−α|Λ2 〉 = |Σ 〉 , (A.1)
then the weight Σ = Λ1 + α = Λ2 − α must be a short weight, namely
(Σ,Σ) = (Λ1 + α,Λ1 + α) = (Λ2 − α,Λ2 − α) < (Λ1,Λ1) = (Λ2,Λ2) . (A.2)
To prove this, we show that if this inequality did not hold, this would lead to an inconsis-
tency. In particular, let us suppose that (Λ1+α,Λ1+α) ≥ (Λ1,Λ1) and (Λ2−α,Λ2−α) ≥
(Λ2,Λ2). This would imply that
2(α,Λ1)
(α,α)
≥ −1
−2(α,Λ2)
(α,α)
≥ −1 , (A.3)
or equivalently
(pΛ1 − qΛ1)α ≥ −1
(qΛ2 − pΛ2)α ≥ −1 , (A.4)
where we denote with (pΛ)α and (qΛ)α the steps down and up respectively that one can
make starting from Λ along the direction α and reaching another weight vector. This
relation is clearly inconsistent because eq. (A.1) implies
(pΛ1)α = 0
(qΛ1)α = 2
(qΛ2)α = 0
(pΛ2)α = 2 . (A.5)
Hence, this proves eq. (A.2), and therefore Σ must be a short weight.
To conclude, the presence of the F±α as stabilizers is directly related to the presence of
weights of different length in the representation. As shown in the paper, the stratification
of the 2-charge and 3-charge orbits is only due to the presence of such generators in the
stabilizing algebra. This explains why in the maximal supergravity theories, whose BH
charge representations have weights all with the same length, such stratification does not
occur.
B Cartan involution and extraspecial pairs
In the paper we have derived the duality orbits of extremal BH solutions using the
following procedure:
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• the identification of the stabilizing algebra, in particular of its semisimple part, by
studying the commutation relations of the stabilizers from the commutation relations
of the U-duality Lie algebra itself. This can be done reconstructing the Cheval-
ley basis and sometimes requires a complexification, since not all real forms admit
Chevalley basis;
• the identification of the real form of the stabilizing algebra from the action of the
Cartan involution on its generators.
In these two steps a relevant role is played by the structure constants of the U-duality al-
gebra. In particular, while the identification of an algebra starting from a set of generators
essentially reduces to identifying the structure constants, the connection between Cartan
involution and structure constants is more subtle.
In order to determine the action of the Cartan involution on the stabilizing generators,
we have derived the dual action on the corresponding roots from the Tits-Satake diagram
of the real form of the U-duality algebra through the scheme elucidated in Section 4. In
particular, a black painted node, corresponding to an imaginary simple root, which is fixed
under θ, gives a generator which is also fixed under θ, and hence compact. On the other
hand, for an unpainted node, either isolated or linked by an arrow to another unpainted
node, the action of the Cartan involution on the corresponding root vector is fixed only
up to a sign:
θEα = ραEθα , (B.1)
where ρα can be chosen to be ±1. Once the action of the Cartan involution on the simple-
root generators is defined, its action on the other generators can be deduced by using the
commutation rules
[Eα, Eβ ] =


Nα,βEα+β if α+ β root
Hα if α+ β = 0
0 if α+ β not root
, (B.2)
by means of
θ[Eα, Eβ] = Nα,βθEα+β = [θEα, θEβ] = ραρβ[Eθα, Eθβ] = ραρβNθα,θβEθα+θβ , (B.3)
yielding
θEα+β = ραρβ
Nθα,θβ
Nα,β
Eθα+θβ . (B.4)
This relation shows that the action of the Cartan involution on any generator can be
deduced from its action on the simple roots, by knowing the structure constants of the
underlying Lie algebra.
Stating from the commutation relations in eq. (B.2), by using the antisymmetry of the
commutator and the Jacobi identity one obtains that the structure constants must satisfy
the following identities (for further details see e.g. [102]):
Nα,β = −Nβ,α
Nα1,α2
〈α3, α3〉 =
Nα3,α1
〈α2, α2〉 =
Nα2,α3
〈α1, α1〉
Nα,βN−α,−β = −(p+ 1)2
Nα1,α2Nα3,α4
〈α1 + α2, α1 + α2〉 +
Nα2,α3Nα1,α4
〈α2 + α3, α2 + α3〉 +
Nα3,α1Nα2,α4
〈α3 + α1, α3 + α1〉 = 0 . (B.5)
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where p is defined as the largest integer such that β− pα is a root. It is possible to satisfy
these equations with the Chevalley basis elements defined in such a way that [102]
Nα,β = ±(p+ 1) . (B.6)
The sign ambiguity in eq. (B.6) can only partially be fixed by the relations in eq. (B.5), and
the pairs of roots α and β such that the sign of Nαβ is undetermined are called extraspecial
pairs. Once one makes a choice for these signs, all the other structure constants signs are
fixed. In general, the roots α and β form a special pair if 0 < α < β and α + β is a
root. Such a pair in an extraspecial pair if, for all the other special pairs (α′, β′) enjoying
α + β = α′ + β′, it holds that α < α′. For the particular case of the Lie algebra sp(6,R)
that was discussed in Section 3, we list in Table 35 the structure constants Nαβ , that are
all uniquely determined once the choice for the signs of the structure constants associated
to the extraspecial pairs is fixed as done in the table.
Nα,β α
(
1
0
0
)
(
0
1
0
)
(
0
0
1
)
(
1
1
0
)
(
0
1
1
)
(
1
1
1
)
(
0
2
1
)
(
1
2
1
)
(
2
2
1
)
(
-1
0
0
)
(
0
-1
0
)
(
0
0
-1
)
(
-1
-1
0
)
(
0
-1
-1
)
(
-1
-1
-1
)
(
0
-2
-1
)
(
-1
-2
-1
)
(
-2
-2
-1
)
( 1 0 0 ) 1 0 0 1 0 1 -2 0 0 0 -1 0 -1 0 -2 1
( 0 1 0 ) -1 1 0 -2 -1 0 0 0 0 0 1 -2 0 1 1 0
( 0 0 1 ) 0 -1 -1 0 0 0 0 0 0 0 0 1 1 0 0 0
( 1 1 0 ) 0 0 1 -1 2 0 0 0 -1 1 0 0 -2 0 1 -1
( 0 1 1 ) -1 2 0 1 0 0 0 0 0 -2 1 0 1 -1 -1 0
( 1 1 1 ) 0 1 0 -2 0 0 0 0 -1 0 1 -2 1 0 -1 1
( 0 2 1 ) -1 0 0 0 0 0 0 0 0 1 0 0 -1 0 1 0
( 1 2 1 ) 2 0 0 0 0 0 0 0 -2 1 0 1 -1 -1 1 -1
β
( 2 2 1 ) 0 0 0 0 0 0 0 0 1 0 0 -1 0 1 0 -1
Table 35: The structure constants of sp(6,R). Given the simple roots α1, α2 and α3, each root aα1 +
bα2 + cα3 is identified in terms of the three integers a, b, c. The grey entries are those associated to the
extraspecial pairs of roots. We only list Nαβ for β a positive root. The other cases can be deduced using
the relations in eq. (B.5).
It should be stressed that in general the action of the Cartan involution depends on
how the signs of the structure constants are chosen, as can be seen from eq. (B.4). An
exception to this general rule occurs for split real forms, in which case θ acts on all simple
roots as θα = −α, and using the third of eq. (B.5) and eq. (B.6) one can show that
eq. (B.4) can be recast as
θEα+β = ραρβ
N−α,−β
Nα,β
E−α−β = −ραρβE−α−β , (B.7)
where ρα is the arbitrary sign in the Cartan involution for the simple roots associated to
the unpainted nodes defined in eq. (B.1). The relation in eq. (B.7) shows that the action of
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Figure 13: Figure showing in the colored sets the weights that are connected to the long weights of the 14′
of sp(6,R) considered in the paper, that are painted in red.
the Cartan involution for split real forms does not depend on the structure constants, but
only on the choice of the ρα’s. In particular, in this paper we made the choice ραi = −1
for all simple roots, so that θEα = −E−α for any root.
C Pictorial derivation of the conjunction stabilizers
In this paper we have derived the orbits of various multi-charge BH solutions from the
stabilizers of bound states of suitably chosen weight vectors. The condition that these
weight vectors have to satisfy is that they correspond to long weights (for split real forms)
or real weights (for other real forms) and that they are independent, i.e. not connected
by transformations of the algebra. The aim of this appendix is to make it clear that the
results obtained do not depend on the particular choice of weights.
We consider the particular case of the 2-charge orbits of the 14′ of sp(6,R), whose
weights are shown in Figure 6. In the paper we have considered the weights Λ1, Λ4, Λ6
and Λ7. We draw in Figure 13 all the weights that are connected to each of these four
weights by transformations of sp(6,R). In each case, all such weights are those inside the
colored set. From the figure it is clear that the stabilizing algebra for each of these weights
is the same because the number of long weights and short weights that are connected to
a given long weight is always the same.
In Figure 14 we draw the intersection of colored sets for any pair of diagrams in
Figure 13. In particular, the first diagram corresponds to the intersection between the
set of weights connected to Λ1 and those connected to Λ4. We can see from the diagram
that the only weights belonging to the intersection are the short weight Σ1 and the long
weights Λ2 and Λ3. By comparing with Table 8, we see that these three weights correspond
to the three conjunction stabilizers. If we now consider all the other remaining five pairs,
we see that in all cases the intersection set is made of one short and two long weights,
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Figure 14: Figure showing the intersections between any pair of colored sets of Figure 13.
which implies that the stabilizing algebra for any pair of two long weights is the same.
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